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Homological ring epimorphisms and recollements from exact pairs, I. 
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Abstract 



04 ' Homological ring epimorphisms are often used in modern representation theory and algebraic K- 

theory. In this paper, we give some new characterizations of when a universal localization related to an 
'exact' pair of ring homomorphisms is homological. These characterizations are flexible and applicable to 
many cases, thus give rise to a wide variety of new recollements (of derived module categories) which have 
become of interest in and attracted increasing attentions towards to understanding invariants in algebra 
and geometry. As a consequence, we show that if X : R — > S is an injective homological ring epimorphism 
between commutative rings R and S, then the derived module category of the endomorphism ring of the 
(•*) , /^-module S © S/R always admits a recollement of the derived module categories of R and the tensor 

£f) ' product 5®/?End/f(S//?). In particular, this result is applicable to localizations of integral domains by 

multiplicative sets in commutative rings. 

H 

P4 ! Contents 



1 Introduction [j] 



4 Proofs of Corollaries 

4.1 Proof of Corollary [L2l. . . . 

4.2 Proofs of Corollaries U3HL61 

o 

£SJ ' 5 Examples 



1 Introduction 



2 Preliminaries 5 

2.1 Notation 5 

2.2 Homological ring epimorphisms and recollements 8 

2.3 Coproducts of rings [lC 

> 

00 ■ 3 Proof of Theoremim 

in 



The investigation of homological ring epimoiphisms has a long history, and there is a large variety of litera- 
ture. For example, in representation theory, homological ring epimorphisms were used to study perpendicular 
categories and sheaves, recollements and stratifications of derived module categories of rings (see ||9], I0), 
and to construct infinitely generated tilting modules (see O). In algebraic iC-theory, Neeman and Ranicki 
used homological ring epimoiphisms to establish a useful long exact sequence of algebraic ^-groups (see 
|[T2l ). which generalizes many earlier results in the literature. Also, in Banach algebra, homological ring 
epimorphisms were topologically modified to investigate the analytic functional calculus (see ifTTTO . where 
they were called "localizations". 

Let R be an associative ring with identity. Suppose that X : R — > S and n : R — > T are two homomorphisms 
of rings. We may form the coproduct S Ur T of S and T over R. Let p : S — > S U# T and (j) : T — >• S Ur T be 
the canonical ring homomorphisms given by the definition of coproducts of /?-rings. Then one may define a 
homomoiphism 8 of the following rings: 
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for si € S and ?,• € r with i = 1,2. 

For simplicity, we denote by £ the former 2x2 triangular matrix ring, and by C the latter 2x2 full matrix 
ring M 2 {SU R T) over SU R T. 

The ring homomorphism 6 : B — >■ C is of particular interest in representation theory: It can be regarded 
as the universal localization of B at a homomorphism between finitely generated projective B-modules, and 
therefore it is a ring epimoiphism with Torf (C,C) = (see lfl6l ). and yields a fully faithful exact functor 
6* : C-Mod — > B-Mod, called the restriction functor, between the category of all left C-modules and the one 
of all left fi-modules. 

Generally speaking, 9 is not always homological. In [5 ], there is a sufficient condition for 6 to be ho- 
mological. Concisely, assume that X : R — > S is injective, and choose T to be the endomorphism ring of the 
/^-module S/R and p : R — > T to be the ring homomorphism defined by r i-> (x i-> xr) for r E R and je E 5//?. 
If X is additionally a ring epimoiphism with Torf (5,5) = 0, then B is isomorphic to the endomorphism ring 
of the 7?-module S&S/R. Moreover, if rS has projective dimension at most 1, then 6 is homological. In 
particular, the (unbounded) derived category S>(B) of the ring B admits a recollement with £F(C) on the 
left-hand side and Q(K) on the right-hand side (see |5]). This was used in (5| to establish the so-called Hap- 
pel's Theorem for infinitely generated tilting modules and to show that the Jordan-Holder theorem fails for 
stratifications of derived module categories by derived module categories. Here, the condition on rS only 
ensures that the /^-module 5© S/R is a tilting i?-module of projective dimension at most 1 (see |2][9]]), and 
consequently, the homomorphism X itself is homological. 

However, in general, for an arbitrary homological ring epimoiphism X: R — > S, the projective dimension 
of rS may be greater than 1 (see the examples in the last section). Thus, it is certainly of interest in stratifica- 
tions of derived categories and in algebraic ^-theory to find some other new and applicable criterions for 9 
to be homological under a more general setting. Namely, the following question arises naturally: 

Question. Given a pair (X,fi) of ring homomorphisms with X being homological, when is 6 : B — >• C 
homological, or equivalently, when is the derived functor D(0*) : &{C) — > @{B) fully faithful ? 

In the present paper, we shall provide some answers to this question. Here, we assume neither that X is 
injective, nor that S® S/R is a tilting /^-module of projective dimension at most 1. Furthermore, we allow 
some flexibilities for the choice of the ring homomorphism /u : R — > T. Under these general settings, we 
shall provide some new and handy characterizations for the universal localization 6 to be homological. Our 
characterizations will be given in terms of vanishing of homology groups of /^-modules T and S, or in terms 
of another ring homomorphism between two rings which are related to both (X,/j) and the coproduct of S and 
T over R. In particular, the vanishing condition on homology groups can be applied in many cases. 

As a consequence of these characterizations, we can produce a large variety of new recollements which 
could be used to understand stratifications of derived module categories, or of derived categories of coherent 
sheaves over geometric manifolds as well as to calculate algebraic ^-theory of rings (see 0, ||6], 0, lTT2l ). 
Moreover, we show in the present paper that if X is an injective homological ring epimoiphism between two 
commutative rings R and S and if p is the ring homomorphism from R to the endomorphism ring of the 
7?-module S/R, defined by the right multiplication, then 6 is always homological, and therefore, the derived 
category of the ring B is a recollement of the derived module categories of R and the tensor product of S and 
End R (S/R) over/?. 

To state our results more precisely, let us first introduce some definitions that will be employed throughout 
the paper. 



Given a pair of ring homomorphisms X : R — > S and /j:R^T, there are /?-/?-bimodule structures on 5 and 
T, respectively, and natural homomorphisms of /?-/?-bimodules: X' = X<g>T :T -^■S'SirT defined by t •->■ 1 <g)f 
for t G T, and // = S®/u : S — > S<S>r T denned by s i-> s ® 1 for s £ 5. The pair (X,ju) of ring homomorphisms 

is called semi-exact if the map ( . , \ : S®T — > S®rT is surjective. The kernel of this map is denoted by 

K. Then one can check that K is indeed a ring and that there is a canonical ring homomorphism £ : R —> K, 
defined by r i-> ((r)X,, (r)/j) for r € /?. The pair (X,/S) is called exact if it is semi-exact and C, is an isomorphism 
of rings. There is a recipe to get semi-exact pairs: Let /, be an arbitrary ideal of R for i = 1 , 2. Define 5 : = R/I\ 
and T := R/h- Let X and /u be the canonical surjective ring homomorphisms. Then the pair (X,/u) is always 
semi-exact, and it is exact if and only if /] n/2 = 0. 

Now we can state our main result in this paper as follows. 

Theorem 1.1. Let (k,fj) be an exact pair of ring homomorphisms X'.R^S and fj : R —> T. Suppose that 
X: 7? — )> S is homological. Then the following assertions are equivalent: 

( 1 ) The ring homomorphism 6 : B — > C is homological. 

(2) The ring homomorphism §:T — >■ SUrT is homological. 

(3) Torf (T,S) = Ofor all i > 1. 

If one of the above assertions holds, then there exists a recollement of derived module categories: 

^(End r (T® R S)) *~ 9(B) *- 9(R) . 



Note that the ring End7-(T ®rS) in Theorem II. II is isomorphic to the coproduct SUrT (see Lemma 
13.81 2)). which is Morita equivalent to the ring C. 

Clearly, &(B) is always a recollement of @(T) and @(S), in which the category @(R) is not involved. 
However, Theorem 11.1 I pro vides us a different recollement for &(B). A remarkable feature of this recollemnt 
is that it contains @(R) as its member, and thus provides a way to understand properties of the ring R through 
those of the rings B, S and T . This idea will be discussed in another paper. 

As a consequence of Theorem 11.11 we obtain the following result which can be seen as a concrete real- 
ization of Theorem ll.il 

Corollary 1.2. (1) Let Rbe a ring, and let l\ and h be ideals ofR with /j n/2 = 0. If the canonical surjective 
ring homomorphism R — > R/h is homological (for instance, the ideal I\ is idempotent and projective as a left 
module), then so is the canonical surjective ring homomorphism R/h — > R/(h +h)> and therefore there is a 
recollement of derived module categories: 

&(R/(h +h)) &{B) 2)(R) , 

R/h R/(h+h) 



whereB - R/I 2 

(2) Suppose that X'.R^Sisa homomorphism of rings and M is an S-S-bimodule. Let X:Rt<M^-St<M 
be the ring homomorphism between trivial extensions induced from X. Then X is homological if and only if 
so is X. In particular, ifX is homological, then there is a recollement of derived module categories: 



2>{S x M) ^ &(B) > 9{R) , 

where B := I ]. 

y RkM J 

Another realization of Theorem 11.1 l occurs in universal localizations. 



Given a ring homomorphism X : R — > S, we may consider X as a complex Q' of left /^-modules with R and 

5 in degrees —1 and 0, respectively. Then there exists a distinguished triangle R — > S — > Q* — > R[l] in the 
homotopy category J(f(R) of the category of all /^-modules. This triangle induces a canonical ring homomor- 
phism from R to the endomorphism ring of Q* in Jf(R), and therefore yields a ring homomorphism Ji from 
R to the endomoiphism ring of Q* in S>(R), which depends on X (see Section l4~2l ). Let S' := End^( R )(<2*). 
Observe that if X is injective, then Q* can be identified in @(R) with the i?-module S/R, and consequently, 
the map p coincides with the map from R to End#(,S//?) by the right multiplication. 

Further, let A := End^( S ) (5® Q*), and let 71* be the induced map Hom^( R ) (5 ffi Q* , 7t) : Hom^^S© 
Q', S) — > Homg( fl ) (5 © 2* , 2*), which is a homomorphism of finitely generated projective A-modules. Let 
X K * : A — > Aj[* stand for the universal localization of A at 7t* in the sense of Conn and Schofield (see ll8l[T6l). 

If X is a ring epimorphism such that Torf (S,S) = = Hom#(,S,Ker(?i)), then we shall prove in Section 
I4.2l that the pair (X,p) is exact. Hence, the following corollary follows from Theorem ll.il 

Corollary 1.3. If X : R — > S is a homological ring epimorphism such that Hom«(5, Ker(X)) = 0, then the 
following assertions are equivalent: 

(1) The universal localization X n * : A — > A % * of A at 71* is homological. 

(2) The ring homomorphism ty: S' —> SUrS' is homological. 

(3) Torf (S',S) = for any i > 1. 

In particular, if one of the above assertions holds, then there exists a recollement of derived module 
categories: 

^(End 5 /(S' <g> s g)) > #(A) *- ®{R) . 

As an application of Corollary 11.31 we obtain the following result which generalizes the first statement 
of (5J Corollary 6.6(1)] since we do not require that the ring epimorphism X is injective. In this general case, 
the module S © S/R may not be a tilting /^-module. 

Corollary 1.4. Let X : R — > S be a homological ring epimorphism such that Hom#(>S, Ker(X)) = 0. Then we 
have the following: 

(1) If rS has projective dimension at most 1, then X n * : A — > A n * is homological. 

(2) The ring A n * is zero if and only if there is an exact sequence — > P[ — > Pq — > «S — > of R-modules 
such that P{ is finitely generated and projective for i = 0, 1. In this case, the rings R and A are derived 
equivalent. 

As another application of Corollary 11.31 we have the following result, which extends greatly the second 
statement of (3 Corollary 6.6(1)] since we do not impose any restriction on the projective dimension of rS. 

Corollary 1.5. Suppose that X: R — > S is an injective homological ring epimorphism between commutative 
rings R and S. Then there exists a recollement of derived module categories: 



@{S® R S') *- @{End R (S®S/R)) *- 9{R) , 

where S' := End^(5'/7?) is a commutative ring. 

We remark that if R is a commutative ring and <1> is a multiplicative subset of R (that is, ^ <1> and 
st G <I> whenever s,t G <!>), then the localization R — > <£> l R of R at O is always homological. If / : R — > S is 
a homomorphism from the ring R to another commutative ring S, then the image of a multiplicative subset 
of R under / is again a multiplicative set in S. So, as a direct consequence of Corollary 11.51 we obtain the 
following result which may be of its own interest in commutative algebra. 



Corollary 1.6. Suppose that R is a commutative ring with <I> a multiplicative subset of R. Let 5 be the 
localization <£> ~ R ofR at <£>, and let X : R — >■ 5 be the canonical ring homomorphism. If the map X is injective 
(for example, ifR is an integral domain), then there exists a recollement of derived module categories: 



^(W^S 1 ) *- @(End R (S®S/R)) *- ®{R) , 

where 5' := End/; (5/7?), and *P is the image of<£> under the ring homomorphism Jl : 7? — > 5' associated to X. 

The contents of this paper are outlined as follows. In Section 2, we fix notation and recall some definitions 
and basic facts which will be used throughout the paper. In particular, we shall recall the definitions of 
universal localizations, recollements and coproducts of rings, and prepare several lemmas for our proofs. In 
Section[3l we prove Theorem ll.il In Section 4, we prove all corollaries mentioned in SectionQ] Also, in this 
section, we show a few other consequences of our results. Finally, in Section [51 we give several examples to 
explain the necessity of some assumptions in our results. 

2 Preliminaries 

In this section, we shall recall some definitions, notation and basic results which are closely related to our 
proofs. 

2.1 Notation 

Let C be an additive category. 

Throughout the paper, a full subcategory (B of C is always assumed to be closed under isomorphisms, 
that is, if X <E ® and Y <G C with Y ~X, then Y G <B. 

Given two moiphisms / : X — > Y and g : Y — > Z in C, we denote the composite of / and g by fg which is a 
morphism from X to Z. The induced morphisms Hom^Z,/) : Hom^(Z,X) — > Hom^(Z, Y) and Hom^(/,Z) : 
Hom^ (F,Z) — } Hoiri£-(X,Z) are denoted by /* and /*, respectively. 

We denote the composition of a functor F : C — > 1) between categories C and © with a functor G : (D — > £ 
between categories "D and £ by GF which is a functor from C to £. The kernel and the image of the functor 
F are denoted by Ker(F) and Im(F), respectively. 

Let y be a full subcategory of C. By Ker(Hom^(— ,90) we denote the left orthogonal subcategory with 
respect to < y, that is, the full subcategory of C consisting of the objects X such that Hom^(X,F) = for all 
objects Y in < y. Similarly, Ker(Homc(9', — )) stands for the right orthogonal subcategory of C with respect 
to y. 

Let 'to'(C) be the category of all complexes over C with chain maps, and Jf(C) the homotopy category 
of ^{C). When C is abelian, the derived category of C is denoted by &{C), which is the localization of 
JfT(C) at all quasi-isomoiphisms. It is well known that both JfT(C) and @(C) are triangulated categories. 
For a triangulated category, its shift functor is denoted by [1] universally. 

If T is a triangulated category with small coproducts (that is, coproducts indexed over sets exist in T), 
then, for each object U in T, we denote by Tria(£7) the smallest full triangulated subcategory of T containing 
U and being closed under small coproducts. We mention the following properties related to Tria(?7): 

Let F : T — > T' be a triangle functor of triangulated categories, and let y be a full subcategory of T'. 
We define F~ l y := {X € T | F(X) € 9"}. Then 

(1) If y is a triangulated subcategory, then F~ l y is a full triangulated subcategory of T. 

(2) Suppose that T and T' admit small coproducts and that F commutes with coproducts. If y is closed 
under small coproducts in C T' , then F~ Y y is closed under small coproducts in T. In particular, for an object 
U € T, we have F(Tria(I/)) C Tria(F(t/)). 



In this paper, all rings considered are assumed to be associative and with identity, and all ring homomor- 
phisms preserve identity. Unless stated otherwise, all modules are referred to left modules. 

Let R be a ring. We denote by /?-Mod the category of all unitaiy left /^-modules. By our convention of the 
composite of two morphisms, if / : M — > N is a homomorphism of /^-modules, then the image of x € M under 
/ is denoted by (x)f instead of f(x). The endomorphism ring of the 7?-module M is denoted by End R (M). 

As usual, we shall simply write <<f(R), Jf(R) and ®{R) for <tf (R-Mod), JfT{R-MoA) and @(R-Mod), 
respectively, and identify /?-Mod with the subcategory of S>(R) consisting of all stalk complexes concentrated 
in degree zero. 

Let (X',dx>) and (Y',dy) be two chain complexes over /?-Mod. The mapping cone of a chain map h' : 

X* — >Y° is usually denoted by Cone(/j # ). In particular, we have a triangle X* — >Y* — >Cone(h*) — ^X"[l] 
in Jf(R), called a distinguished triangle. For each n € Z, we denote by //"(—) : &{R) — > R-Mod the n-th 
cohomology functor. Certainly, this functor is naturally isomorphic to the Hom-functor YLom@r R \(R, — [n]). 

The Horn-complex Hom^(X*, F*) of X* and Y* over R is defined to be the complex (Hom. R (X*,Y'), dg. y .) 
with 

Uom R {X',Y*) := Y[Hom R {X p ,Y p+ ") 



and the differential d x . Y . of degree n given by 

(f) P ^(/<-(-ir<.f) pa 

for {f p ) p ez G Hom^(X*,y*). For example, if X £ R-Mod, then we have 

Hom^(X,r) = (Hom R (X,Y"),Uom R (X,d';.)) neZ ; 

if Y € R-Mod, then 

Hom'(X«, Y) = (Kom R (X- n , Y), (-l)" +1 Hom R (d x r l ,Y)) n& . 

For simplicity, we denote Hom^(X,y) and Hom^(X*, Y) by Hom R (X,Y°) and Hom#(X*, Y), respectively. 
Note that Hom#(X*, Y) is also isomorphic to the complex (Hom#(X~", Y), Homs(<i^." _1 , Y) ) eZ - 

Moreover, it is known that H n (Hom R (X',Y')) ~ Hom^ {R) (X\Y*[n]) for any neZ. 

Let Z* be a chain complex over R op -Mod. Then the tensor complex Z* (SD^X* of Z* and X* over R is 
defined to be the complex (Z*^> R X',d' z . x») n eZ w ^ tn 

peZ 
and the differential dz*,x' of degree n given by 

z®x^ [z)d p z . ®x+ (-l) p z®(x)d x ~. p 

for z£Z p and xe X n ~ p . For instance, if X € R-Mod, then Z* <g)^X = (Z n ® R X,d z . <g> l) neZ . In this case, we 
denote Z* (& R X simply by Z* (E> R X. 

The following result establishes a relationship between Horn-complexes and tensor complexes. 

Let S be an arbitrary ring. Suppose that X* = (X n ,d x .) is abounded complex of /?-5-bimodules. If R X n 
is finitely generated and projective for all n € Z, then there is a natural isomorphism of functors: 

Hom R (X*,/?) ®* R - -=+ Hom^X*, -) : #(/?) -> <r(S). 

To prove this, we note that, for any /?-5-bimodule X and any /^-module Y , there is a homomoiphism of 
S-modules: 8 X j ■ Hom R (X,R) ®«F — >■ Hom R (X,y) denned by / (g) y H> [jc H> (*)/>] for / € Hom R (X,/?), 



y G Y and x G X, which is natural in both X and F. Moreover, the map &xy is an isomoiphism if pX is finitely 
generated and projective. For any Y* G ^(R) and any n G Z, it is clear that 

Hom i? (X*, /?)<g)^y* = 0Hom/}(X _p ,/?) ® R r^ p and Hom£(X*,y) = 0Hom s (X p ,y + ") 

since X' is a bounded complex. Now, we define A x . y . := Lpez( — 1) P §x-p,F"-p> which is a homo- 
morphism of 5-modules from Hom#(X*, R)(g> R Y* to Hom^(X*,y*). Then, one can check that A x . Y . := 
(AJ-. Y .) z is a chain map from Hom#(X*,7?) (g>^ Y* to Hom^(X*, Y*). Since pX~ p is finitely generated and 
projective for each p G Z, the map 8x-p,Y"-p is an isomorphism, and so is the map A' x . Y .. This implies that 

A X . Y . :Hom R (X',R)® R Y' — > Hom R (X' ,Y') 

is an isomorphism in 'to(S). Since the homomoiphism 8xj is natural in the variables X and Y, it can be 
checked directly that 

A' x . _ : Hom R (X',R) ® R > Hom^(X*, -) 

defines a natural isomorphism of functors from ^(R) to ^(5). 

In the following, we shall recall some definitions and basic facts about derived functors defined on derived 
module categories. For details and proofs, we refer to |@] UTTl . 

Let J^(R)p (respectively, J^{R)j) be the smallest full triangulated subcategory of Jf{R) which 

(i) contains all the bounded above (respectively, bounded below) complexes of projective (respectively, 
injective) /^-modules, and 

(ii) is closed under arbitrary direct sums (respectively, direct products). 

Note that J(f(R)p is contained in J^(/?-Proj), where /?-Proj is the full subcategory of i?-Mod consisting 
of all projective /^-modules. Moreover, the composition functors 

JtT(R)p ^ JtT{R) -> ®{R) and X(R)i --> X(R) -> @{R) 

are equivalences of triangulated categories. This means that, for each complex X' in @{R), there exists a 
complex p X' G J^(R)p together with a quasi-isomoiphism p X* — > X*, as well as a complex ,X* G J^(R)j 
together with a quasi-isomorphism X' — > ,X*. In this sense, we shall simply call p X* the projective resolution 
of X' in Jf(R). For example, if X is an 7?-module, then we can choose p X to be a deleted projective resolution 
of«X. 

Furthermore, if either X* G X(R) P or Y* G X{R)i, then Hom, x{R) (X*,y) ~ Hom 0(R) (X*, Y*), and 
this isomorphism is induced by the canonical localization functor from Jt{R) to S>{R). 

For any triangle functor H : X(R) -> X{S), there is a total left-derived functor Ui : @(R) -> @(S) 
defined by X* (-> H{ p X*), a total right-derived functor Mff : 0(/J) -»• 0(5) defined by X* t-> ff QX*). Observe 
that, if H preserves acyclicity, that is, H(X') is acyclic whenever X* is acyclic, then H induces a triangle 
functor D{H) : 3>{R) -»■ 0(5) defined by X* h-> #(X*). In this case, we have LH = RH = D(H) up to 
natural isomorphism, and D(H) is then called the derived functor of H. 

Let M* be a complex of /?-5-bimodules. Then the functors 

M' ®J - : Jf(5) ->- JT (R) and Hom^Af*,-) : JT(/?) ->• JT(5) 

form a pair of adjoint triangle functors. Denote by M* <g)j — the total left-derived functor of M* ®* — , and by 
RHom R (M*,-) the total right-derived functor of Hom^(M*, -). It is clear that (M* ®|- -,KHom R (M , ) -)) 
is an adjoint pair of triangle functors. Further, the corres ponding counit adjunction 



£ : M* (g>| MHom R (M*, -) — > Id 



°J(R) 



is given by the composite of the following canonical morphisms in @(R): M' ®^ ]RHom#(M* ,X') = M' ®]y 
Hom^(M*, { X') = M*®* ( Hom^(M*, t X')) — ► M m 0*Hom^(M* , ,-X*) — > { X m -^>X\ Similarly, we have 
a corresponding unit adjunction r| : Id^is) — ► IRHom«(M*,M* ®^ — ), which is given by the following 
composites for V G ^(5): 7* -=> p Y' — > Hom^(M*,M* (g>' s ( p Y*)) — > Hom^(M*,,(M* ®J ( p F*))) = 
RHomR(M , ,M* 0* ( P F*)) = RHom R (M*,M* (g)^F*). 

ForX* G @(R) and« G Z, wehave//"(MHom i? (M*,X*)) =//' l (Hom^(M^ r •X•)) ~Hom jr(R) (M , ,,X , H) 
~Hom^ (R) (M',^'H)~Hom^)(M',Z'[n]). 

2.2 Homological ring epimorphisms and recollements 

Let X : R — >• 5 be a homomorphism of rings. 

We denote by X* : 5-Mod -> 7?-Mod the restriction functor induced by X, and by D(X*) : &(S) -> f?(7?) 
the derived functor of the exact functor X*. We say that X is a n'ng epimorphism if the restriction functor 
X* : S-Mod — > R-Mod is fully faithful. It is proved that X is a ring epimorphism if and only if the multiplication 
map S ®s S — > S is an isomorphism as S-S-bimodules if and only if, for any two homomorphisms fi,f2'.S^-T 
of rings, the equality Xf\ = Xf2 implies that f\ = fc. This means that, for a ring epimoiphism, we have 
X ®$Y ~ X ®rY and Hornby, Z) ~ Hom«(y,Z) for all right S-modules X, and for all S-modules Y and Z. 
Note that, for a ring epimorphism X : 7? — > S, if 7? is commutative, then so is S. 

Following (9j, a ring epimorphism X : R — > S is called homological if Torf (S,S) = for all / > 0. Note 
that a ring epimorphism X is homological if and only if the derived functor D(X*) : £F(S) — > &{R) is fully 
faithful. This is also equivalent to saying that X induces an isomorphism S®\ S ~ S in £F(S). Moreover, for 
a homological ring epimorphism, we have Torf (X,Y) ~ Torf (X,Y) and Ext^(F,Z) ~ Ext' R (Y,Z) for all i > 
and all right S-modules X, and for all S-modules Y and Z (see (9j Theorem 4.4]). 

Clearly, if X : 7? — >• S is a ring epimorphism such that either rS or S^ is flat, then X is homological. In 
particular, if R is commutative and <I> is a multiplicative subset of R, then the canonical ring homomorphism 
R — > <&~ l R is homological, where <£> l R stands for the (ordinary) localization of R at <I>. 

As a generalization of localizations of commutative rings, universal localizations of arbitrary rings were 
introduced in [8] (see also [16]) and provide a class of ring epimorphisms with vanishing homology for the 
first degree. Note that universal localizations were renamed as noncommutative localizations in |[T2l . Now 
we mention the following basic fact on universal localizations. 

Lemma 2.1. (see JS], 111611 ) Let R be a ring and let £ be a set of homomorphisms between finitely generated 
projective R-modules. Then there is a ring Rz and a homomorphism Xz'-R^Rz of rings such that 

(1) Xz is ^.-inverting, that is, iftt:P^Q belongs to £, then Rz ®# a : Rz ®r P — ?> Rz ®r Q is an 
isomorphism of Rz-modules, and 

(2) Xz is universal ^-inverting, that is, if S is a ring such that there exists a IZ-inverting homomorphism 
cp : R — > S, then there exists a unique homomorphism \|/ : /?£ — > S of rings such that cp = X\\f. 

(3) Xz-R^-Rz i s a ring epimorphism with Torf (7?£,7?x) = 0. 

The Xt. '■ R — > Rz in Lemma l2~T1 is called the universal localization of 7? at E. One should be aware that Rz 
may not be flat as a right or left 7?-module. Even worse, the map Xz in general is not homological (see lfT3l ). 
Thus it is a fundamental question to find conditions for Xz to be homological. Obviously, if Torf (Rz,Rz) = 
for all i > 2, then Xz is homological. 

Now, we recall the notion of recollements of triangulated categories, which was first defined in ||3] to 
study "exact sequences" of derived categories of coherent sheaves over geometric objects. 



Definition 2.2. Let 2>, 2>' and r D" be triangulated categories. We say that © is a recollement of *D' and ( D" 
if there are six triangle functors among the three categories: 



j\ 



<&> ±X CD 1—L. <D' 



such that 

(1) (f,i*),(i\,i-),(juf) and (/,./*) are adjoint pairs, 

(2) 4,7* and 71 are fully faithful functors, 

(3) rj* = (and thus also fit = and i*j\ = 0), and 

(4) for each object X G 2), there are two triangles in 2): 

/,r(X) ^X — ► 7 ;/(X) — > /,r(X)[l], 

7 V ! (X)^X^W*(X)^7<J' ! P0[1]- 

By definition, we have the following property of recollements, which will be frequently used in our 
proofs. 

For any objects X G 2>' and Y G 2>", we have 

Hom 2) (j 1 (X),j;(y))=0 = Hom 2 ,(4(F),7;(X)). 

A typical example of recollements of derived module categories is given by triangular matrix rings: 
Suppose that A and B are rings, and that N is an A-B-bimodule. Let R = I I be the triangular matrix 

ring associated with A, B and ,/V. Then there is a recollement of derived module categories: 

9{A) ^ ®{R) *- 9(B) . 



In this case, the six triangle functors in Definition I2.2l can be described explicitly: 
Lete:= [ ) G /?. Then we have 

yi =Re<g)B-,y = eR<S> R -,j* = WHom B (eR,-),i* =A®\-,i* =A<g)\-,r = RHom«(A,-), 

where A is identified with R/ReR. Note that the canonical surjection R — > R/ReR is always a homological 
ring epimoiphism. 

As a further generalization of the above situation, it was shown in lfT4l Section 4] that, for an arbitrary 
homological ring epimorphism X: R — >• S, there is a recollement of triangulated categories: 

9{S) > 9{R) *- Tria(G') 

where Q° is given by the distinguished triangle 7? — > S — > Q° — > R[l] in Sl(R). In this case, the functor j\ 
is the canonical embedding and 

f = (Q'[-l])^-,i* = S^-,h = S^ -,i [ =Miom R ( R S,-). 

Moreover, we have ®{S) ~ Ker(Hom^ (R) (Tria(<2"),-)) := {X* G &(R) \ Hom &{R) (Y,X') = for all Y G 
Tria(Q')}. This clearly implies that Hom^ (R) (e*,X , [«]) = for all X* G ^(S) and n G Z. 



2.3 Coproducts of rings 

Next, we recall the definition of coproducts of rings defined by Cohn in Q, and prove some basic properties 
of coproducts. 

Let /?o be a ring. An R^-ring is a ring R together with a ring homomorphism Xr : /?o — > R- An Ro- 
homomorphism from an /?o-ring R to another 7?o-ring S is a ring homomorphism /:/?—> 5 such that Xs = X#/. 
If 7?o is commutative and the image of Xr : Rq —y R is contained in the center Z(R) of R, then /? is called an 
Ro-algebra. 

The coproduct of a family {/?,• \i£l} of /?o-rings with / an index set is defined to be an /?o-ring R together 
with a family {p, : R{ —> R\ i £ 1} of /?o-homomorphisms such that, for any /?o-ring S with a family of Ro- 
homomorphisms {x, :/?,•—>• 5 | ? £ /}, there exists a unique 7?o-homomorphism 8 : /? — > S such that x,- = p,8 
for all i £ /. 

It is well known that the coproduct of a family {R[ \ i £ 1} of 7?o-rings exists. We denote this coproduct 
by Ur Rj. Clearly, Rq Ur S = S = S Ur 7?o for every 7?o-ring S. 

In general, the coproduct of two 7?o-algebras may not be isomorphic to their tensor product over /?o- For 
example, given a field k, the coproduct over k of the polynomial rings k[x] and k[y] is the free ring k(x,y) in 
two variables x and y, while the tensor product over k of k[x] and k[y] is the polynomial ring fe[x,y]. However, 
under some extra assumptions, coproducts can be interpreted as tensor products of rings. 

Lemma 2.3. |[5l Lemma 6.3] Le?/?o be a commutative ring, and let Rj be an Ro-algebra for i = 1,2. Ifoneof 
the homomorphisms Xr { '.Rq—'Ri and Xr 2 : /?o — > Ri is a ring epimorphism, then the coproduct R\ U# 7?2 is 
isomorphic to the tensor product R\ (£>r R2, that is, the canonical maps /?i — > /?i <S)r R2 and R2 —$ R\ ®r R% 
define the coproduct. 

Another realization of coproducts may be the so-called trivial extensions. 

Lemma 2.4. Suppose that X: 7? — > S is a ring epimorphism and M is an S-S-bimodule. Let \:RtxM—>St<M 
be the ring homomorphism between trivial extensions induced by X. Then the coproduct S Ur (R k M) is 
isomorphic to S x M, that is, the inclusion S — > S tx M and X define the coproduct. 

Proof. Let ^j:i?->i?KM and p : S — > S K M be the inclusions of rings. Note that 5 and Rv.M are 7?-rings 
via X and /u, respectively, and that Xp = /jX : R — > S tK M. We claim that 5 x M, together with p and X, is 
the coproduct of S and RkM over R. Suppose that /:RkM->A and g : S — > A are ring homomorphisms 
such that Xg = /jf. In the following, we shall show that there is a unique ring homomorphism /i:SixM->A 
such that Xh = f and ph = g. Clearly, if such a h exists, then h must be defined by (s,m) 1— > (m)f+ (s)g for 
s £ S and m £ M. This shows the uniqueness of h. So, it remains to show that the above-defined map h is a 
ring homomorphism. Certainly, h is a homomorphism of abelian groups. We have to show that h preserves 
multiplication. 

Let si € Sandra,- £M for i=l,2. On the one hand, ((si,m\) {s2,m2))h = (s\S2, s\m2 + m\S2)h = (s\ni2 + 
misi)f+ {s\s 2 )g = {sim 2 )f+ {mis 2 )f + (si)g{s 2 )g. On the other hand, ((s i ,mi))h((s2,m 2 ))h = ((mi)/+ 
{si)g)({m 2 )f+(s 2 )g) = {mi)f(m 2 )f+{mi)f(s2)g + (si)g(m 2 )f+{si)g(s2)g = (mim2)f+(mi)f(s2)g + 
{si)g{m 2 )f+(si)g(s 2 )g = (m l )f(s 2 )g + (si)g(m 2 )f+ (si)g(s 2 )g since raira 2 = 0. This implies that if 
(sim 2 )f = (si)g(m 2 )f and (m\s 2 )f = (m 1 )f(s 2 )g, then {{si,m\){s 2 ,m 2 ))h = ((si,m-[))h((s 2 ,m 2 ))h. So, 
to prove that h preserves multiplication, we need only to verify these additional conditions under the assump- 
tions of Lemma 12 .4 1 

Now, we show that (sm)f = (s)g (m)f and (ms)f = (m)f (s)g for s £ S and ra £ M. 

To show the former, we first fix an ra £ M and define two maps as follows: 



cp : 5 -> A, s H> (sm)f and \|/ : 5 — >■ A, jh> (s)g (m)f. 
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One can check that both cp and \|/ are homomorphisms of /^-modules such that Xcp = X\\f due to Xg = /uf. 
Note that X : R — > S is a ring epimorphism and A is an S-module. This implies that the homomorphism 
Hom R (X,A) : Hom R (5,A) — > Hom R (R,A) is an isomorphism, and so (p = \|/. Similarly, we can show that 
(ms)f = (m)f (s)g. Consequently, the map h preserves multiplication and is actually a ring homomorphism. 
Thus the ring S x M, together with p and X, is the coproduct of S and RxM over R. □ 

Now we prove a couple of properties on coproducts of rings, which our later proofs will rely on. 

Lemma 2.5. Let Rq be a ring, and let Rj be an R^-ring with ring homomorphism Xr j : Rq — > Rjfor i = 1,2. 

( 1 ) If Xr 1 : Rq — > Ri is a ring epimorphism, then so is the canonical homomorphism P2 : Ri — > R\ \Jr R 2 . 

(2) Let I be an ideal ofRo, and let J be the ideal ofR-i generated by the image (I)Xr 2 of I under the map 
Xr 2 . IfR\ = Rq/I and Xr { : Rq — > /?i is the canonical surjective map, then R\ U# /?2 = Ri/J- 

Proof. (1) It follows from the definition of coproducts of rings that Xr { pi = Xr 2 P2 '■ Ro — > Ri Ur /?2- We 
point out that P2 is a ring epimoiphism. In fact, if f,g : R\ Ur q R% — > S are two ring homomorphisms such that 
P2/ = P2g, then X R2 p 2 f = X R2 p 2 g. This means that X Rl pif = X Rl pig, and therefore p { f = pig since X Rl is a 
ring epimorphism. By the universal property of coproducts, we have g = f. Thus P2 is a ring epimorphism. 

(2) Let P2 : R2 — > R2/J be the canonical surjection, and let pi : R\ — > R2/J be the ring homomorphism 
induced by Xr 2 since J = R2 (I)Xr 2 R2 5 {I)Xr 2 . Now, we claim that R2/J together with pi and P2 is the 
coproduct of 7?i and R2 over Rq. Clearly, we have Xr 1 pi = Xr 2 P2 : Rq —> Ri/J. Further, assume that n : R\ — > 
S and X2 : R2 — > S are two ring homomorphisms such that Xr 2 %2 = Xr { X\. Then {I)Xr 2 X2 = {I)Xr { X\ = 0, and 
therefore (/)X2 = 0. This means that there is a unique ring homomorphism 8 : R2/J — > S such that T2 = P28. 
It follows that Xr^i = Xr 2 X2 = Xr 2 P2§ = A,i?,pi8. Since Xr { is surjective, we have Xi = pi8. This shows that 
R 1 U Ro R 2 = R 2 /J.n 

The next result tells us that universal localizations are preserved by taking coproducts of rings. 

Lemma 2.6. El Lemma 6.2] Let Rq be a ring, £ a set of homomorphisms between finitely generated projec- 
tive RQ-modules, and Xz '■ Ro — > Ri '■= (Ro)?. me universal localization ofRo at £. Then, for any RQ-ring R2, the 
coproduct R\ U« 7?2 is isomorphic to the universal localization (/?2)a °f^2 at the set A := {R2 ®R f \ f G £}. 



3 Proof of Theorem 1.1 



From now on, we keep the notation introduced in Section [Q 

Given ring homomorphisms X: R — ^ S and /j : R — s> T, we have defined 



B:- 



S S® R T 
T 



C:=M 2 (SU R T) 



SUrT SUrT 
SUrT SUrT 



and a ring homomorphism 6 : B — > C in Section [Q 

Summing up our notation introduced before, we reach at the following commutative diagram in Jff(R) 
with two rows being distinguished triangles: 
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where p and <|) come from the definition of coproducts of /?-rings, the map h is defined by s<S>t i-> (s)p(t)§ 
for s £ S and t G T, and /u* := (ju')j e z is the chain map defined by pT l := /u, /lP := // and /u' =0 for z ^ — 1,0. 

Recall that (k,ju) is semi-exact if the homomorphism ' , I : S(BT — )• S®rT is surjective. The kernel 

of this map is denoted by ,& It is clear that K is indeed a subring of the direct sum S © T of the rings 5 and 
T. If, moreover, the canonical ring homomorphism from R to K is an isomorphism, then (A,,^) is called an 
exact pair of ring homomorphisms. Note that (k,iii) is exact if and only if the mapping cone 

0^R { ^> S® T { -^is® R T — ^0 

of the chain map /u' in ^(R) is an exact sequence of /^-modules. Clearly, this is equivalent to saying that /u' 

is a quasi-isomoiphism in ,J€{K), that is, the chain map /j.' : Q* — > Q* ®r T is an isomorphism in 9(R). 

/I 0\ /0 0\ „ ,, „ „ , , ,. ( s \ ( s®\ 

Setei := I ],£!'•= \ I Go, andlet (p:#<?i — > Be2 be the map sending I I to I 

for s G 5. Under the isomorphism HomB(Sei,Se2) — S®r T, the map cp corresponds to 1 <8> 1 in S®r 7\ 

Let P* be the complex — > Be\ — > Be 2 — > over B with Be\ and B^2 in degrees — 1 and 0, respectively. 
Clearly, P* is a bounded complex over B consisting of finitely generated projective B-modules, and there is a 
distinguished triangle in Jf(B): 

Be x ~^Be 2 — ► P' — >Be\[X\. 

Note that Be\ and Be 2 are also right /^-modules via X and /u, respectively, and that the map cp is actually a 
homomorphism of right /^-modules. Hence, we can easily see that the above triangle is also a distinguished 
triangle in J^(B ®zR )■ In addition, Be\ and Be 2 can be regarded as a right 5-module and a right T-module, 
respectively. 

The map cp will play an important role in our discussion below. 

Lemma 3.1. H16I Theorem 4.10, p. 59] The universal localization By of B at cp coincides with the ring 
homomorphism 8 defined in Introduction. In particular, we have By = C. 

Combining Lemma |2T1 with Lemma |3~T1 the ring homomorphism 6 : B — > C is a ring epimorphism, and 
therefore the restriction functor 8* : C-Mod — > fi-Mod is fully faithful. Now, we define a full subcategory of 
9(B): 

9(B) aMo <i : = {x m e 9(B) | H n (X m ) G C-Mod for all n G Z}. 

Clearly, we have X [n] G 9(B) C - Mo 6 for all X G C-Mod and all n G Z. Also, by E Proposition 3.3(3)], we have 

9(B) c . Uoi = Ker(Hom^ (B) (Tria(P*),-)) = {X* G 9(B) j Hom^ (B) (P',X>]) = Ofor all n G Z}, 

or equivalently, 

9(B) c .y M = {X* G 9(B) | H n (Uom' B (P',X')) = for all n G Z}. 

The following result is taken from ||5] Proposition 3.6(a) and (b)(4-5)]. See also (El Theorem 0.7 and 
Proposition 5.6]. 

Lemma 3.2. Let j* be the canonical embedding o/9(B)c.moa mto 9(B). Then there is a recollement 



9(B) c _ Uoi *-+ 9(B) Tria(P') 

such that i* is the left adjoint ofi^. Moreover, the map 6 : B — >■ C is homological if and only ifH" (i*i*(B)) = 
for all n^0. In this case, the derived functor D(8*) : 9(C) — > 9(B)c-Mod is an equivalence of triangulated 
categories. 
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To realize Tria(P*) in Lemma 13^21 by the derived category of a ring, we first establish some connec- 
tions between semi-exact pairs of ring homomorphisms and self-orthogonal complexes in derived module 
categories. Recall that a complex X' in S)(B) is called self-orthogonal if Hom@( B \(X' ,X'[n]) = for any 
n^O. 

Lemma 3.3. (1) End^( B ) (P*) ~ K as rings. 

(2) The pair (k, jj) is semi-exact if and only if 'Hom^( B )(P* ,P*[n]) = Ofor any n / 0. 

Proof. (1) Note that P* is a bounded complex over B consisting of finitely generated projective B- 
modules. It follows that End^^(P') ~ Endj^( B )(P*) as rings. Since Hom B (Be2,Bei) = 0, we see that 
End^-( B )(P*) ~ End^(g)(P*). Moreover, if Endg(Bei) and End B (Be2) are identified with 5 and T, respec- 
tively, then each chain map in End-gv B )(P*) corresponds uniquely to an element of K. It is easy to check that 
this correspondence is a ring isomorphism. Thus End^( B ) (P*) ~ K as rings. 

(2) It is clear that Hom^( B )(P*,P*[n]) ~ Uom^ B )(P*,P*[n\) = for all n € Z with \n\ > 2. Since 
nom B (Be 2 ,Bei) = 0, we get Hom^( B) (P*,P*[-l]) =0. Observe that Hom^ (B) (P*,P*[l]) = if and only if 
Hom B (Bei,Be2) = cpEnd B (B^2) + End B (fiei)cp. If we identify Hom B (Bei,Be2), End B (Bei) and End B (Be2) 
with S<S>rT, S and T, respectively, then the latter condition is equivalent to that the map 

_^i, ):S®T — >S(g> R T, (s,t)\->s®l-l®t : s€S,teT, 

is surjective, that is, the pair (X,/j) is semi-exact by definition. This finishes the proof of (2). □ 

Corollary 3.4. If(k,p) is semi-exact, then there is a recollement of derived module categories: 

^(P)c-m oJ ®{B) ®(K) . 

Moreover, if(X,n) is exact, then the K can be replaced by R in the recollement. 

Proof. Since (k,iu) is semi-exact, we see from Lemma l331 that the compact complex P* is self-orthogonal 
with End^(g)(P*) ~ K. Now, it follows from lUTl Corollary 8.4, Theorem 8.5] that Tria(P*) is equivalent to 
@{K) as triangulated categories. Thus we get the above recollement. Now, the last statement of Corollary 
l3.4l follows immediately from the definition of exact pairs. This finishes the proof. □ 

As a consequence of Corollary 13 .4 1 and Lemma I3T21 we get the following important result which will be 
used in the proof of Theorem ll.il 

Corollary 3.5. Suppose that (k,p) is an exact pair. IfQ :B^Cis homological, then there exists a recollement 
of derived module categories: 

®{SU R T) *~ 9(B) *- ®{R) . 

Throughout the rest of this section, we always assume that (k,(/) is an exact pair. 

Thus, it follows from Corollary I3.4l that there exists a recollement of triangulated categories: 



(*) : ®{B) c . Moi *-+ @{B) -^-+ &(R) 
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where /* is the canonical embedding and the other functors will be specified in the next lemma. In particular, 
if £ : j\y — > Id@( B } is the counit adjunction with respect to the adjoint pair (j\,f), then, for any X* € @(B), 
there exists a canonical triangle 

ju-(x') ^x' — >M*(X') — ►A/'Cnti]- 

Before we state the next lemma, we first define P** := Homg(P # ,B) which is isomorphic to the complex 
— > e2B — -t e\B — > over B op with e^B and e\B in degrees and 1, respectively. Clearly, the latter is a 
complex of P-P-bimodules. Here, the left P-module structures of e\B and e2B are given via the maps A. and 
/u, respectively. 

Lemma 3.6. In the recollement (■*•), we have 

j, = P' ®% - f = Uom B (P', -), U = KHom R (P'*, -). 
Moreover, the functor f induces a triangle equivalence from Tria(P') to 3)(R). 

Proof. The idea of our proof is motivated by ifTTI . Since P' is a complex of fi-P-bimodules, the total left- 
derived functor P* <g)]j - : @(R) -> <2)(B) and the total right-derived functor MHom B (P*, -) : 3){B) ->■ 3>(R) 
are well defined. Moreover, since P' is a bounded complex of finitely generated projective fi-modules, 
the functor Homg(P*, — ) : J^(B) — > ,J€(R) preserves acyclicity, that is, Hom B (P' ,M') is acyclic whenever 
M* G ^{B) is acyclic. This automatically induces a derived functor &{B) — > &{R), which is defined by 
M* i-> Hom B (P',M'). Therefore, we can replace ]RHom B (P*, — ) with the Hom-functor Hom^P*, -) up to 
natural isomorphism. 

Now, we claim that the functor P" (g)Jj — is fully faithful and induces a triangle equivalence from &{R) to 
Tria(P'). 

To prove this claim, we first show that the functor P* ®\ — : S>(R) — > &)(B) is fully faithful. 

Let 

W := {Y m G @{R) \P*®\-: Hom^ {R) (R,Y'[n\) -=» Hom^ (B) (P* ®^R,P' 8&Y m [n]) for all n € Z}. 

Clearly, ^ is a full triangulated subcategory of Qi(R). Since P* ®]j — commutates with arbitrary direct sums 
and since P* is compact in 3>{B), we know from the property (2) in Section |2~T1 that & is closed under 
arbitrary direct sums in $)(R). 

In the following, we shall show that & contains R. It is sufficient to prove that 

(1)P* ®g — induces an isomorphism of rings from Ead@r R -\(R) to End^( S )(P* &]}/?), and 

(2)Hom^ (B) (P* <g>^P,P* <8>£ /?[«]) = for any n ^ 0. 

Since P* ®JjP ~ P* in 3>{B), we know that (1) is equivalent to saying that the right multiplication map 
R — > End^(R)(P*) is an isomorphism of rings, and that (2) is equivalent to Hom^( B )(P*,P*[n]) = for any 
n/0. Actually, since (A,,//) is an exact pair, (1) and (2) follow directly from Lemma 1331 (1) and (2), 
respectively. This shows fi£^. 

Thus we have & = 3){R) since Q){R) = Tria(P). Consequently, for any Y' € @{R), there is the following 
isomorphism: 

P'®\- :Hom nR) (R,Y'[n]) ^E.om^ {B) (P* ^R,P* ^Y'[n]) for all n£Z. 

Now, fix N' e @{R) and consider 

Sfa := {X' € @(R) [ P*®r - : Hom & ( R) (X', N'[n\) -=» Hom^ (B) (P # igfex' ,P* <S> R N'[n\) for all n € Z}. 
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Then, one can check that SE^ is a full triangulated subcategory of 9(R), which is closed under arbitrary 
direct sums in 9(R). Since R G SE^- and 9(R) = Tria(P), we get %$• = 9(R). Consequently, for any 
M* G 9(R), we have the following isomorphism: 

P m ®^-:Hom m (M , ,N m [n}) ^ Hom^ (B) (P' ®^M*,P m ®£jV[n]) 

for all n G Z. This means that P' ®\ - : 0(7?) ->• ^(5) is fully faithful. 

Recall that Tria(P*) is the smallest full triangulated subcategory of 9(B), which contains P* and is closed 
under arbitrary direct sums in 9(B). It follows that the image of 9(R) under P* ®\ — is Tria(P*) (see the 
property (2) in Section |2~TT i and that P* ®\ — induces a triangle equivalence from 9(R) to Tria(P # ). 

Note that Hom B (P*, — ) is a right adjoint of P* <8>^ — . This means that the restriction of the functor 
Hom g (P*,— ) to Tria(P') is the quasi-inverse of the functor P* ®^ — : 9(R) — > Tria(P # ). In particular, 
Hom B (P*, — ) induces an equivalence of triangulated categories: 

Tria(P') — =-»• 9(R). 

Furthermore, it follows from |J5] Proposition 3.3(3)] that 

9(B) C - Mo d = {X' G 9(B) |Hom i?(B) (P , ,X , [?2]) = 0for all n G Z} = Ker(Hom fi (P*,-)). 

Therefore, we can choose j\ = P* ®\ — and j ! = Hom B (P*, — ). 

Since P* is a bounded complex of B-P-bimodules with all of its terms being finitely generated and pro- 
jective as fi-modules, there exists a natural isomorphism of functors (see Section [2~TT >: 

P'* ®' B -^ Hom B (P*, -) : <g(B) — >• <*?(/?). 

This implies that the former functor preserves acyclicity, since the latter always admits this property. It 
follows that the functors P** (gig — and P'* ® B — : 9(B) — > 9(R) are naturally isomorphic, and therefore 
/ ~ P'* (g)Jj -. Clearly, the functor P'* <£># — has a right adjoint IRHom R (P**, — ). This means that the functor 
f can also have BLHom#(P**, — ) as a right adjoint functor (up to natural isomorphism). However, by the 
uniqueness of adjoint functors in the recollement, we see that y* is naturally isomorphic to MHom^P'*, — ). 
Thus, we can choose y* = ]RHom#(P**, — ). This finishes the proof of Lemma 1331 □ 

Now we consider 6 as a homomorphism of P-P-bimodules, and denote its mapping cone by W*[l]. Then 
we have a distinguished triangle 

w \b-^c — >W'[1] 
in J^'(B®j J B op ). This yields two relevant triangles 

W'e t -% Be t -%■ Ce { — ► W'e t [l] 
in Jff(B) for i = 1,2. Note that Ce\ ~ Ce 2 as B-modules. 

Lemma 3.7. (1) There is a triangle We x — >■ We 2 — > P* — >■ Wei [1] in 9(B). 

(2) j l (Wei) sif(Bei) *S[-1] and f(We 2 ) ~ f-(Be 2 ) ~ (QT ®rT)[-1] ~ Q'[-l] in 9(R). 

(3) iJ*(Be y ) ~ i,i*(Be 2 ) in 9(B). 
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Proof. (1) Let f° = (p, and let /' : Ce\ — > Ce 2 be the right multiplication map induced by e\ 2 
eC, Then we can construct the following commutative diagram in fi-Mod: 



Wei : 
W'e 2 : 



Cone(/*; 




Sei ^Ce x ®Be 2 



■Ce 2 



f. 



Consequently, we get a triangle W'e\ — > W'e 2 — > Cone(/ # ) — > W'e\ [1] in @(B). Since the map f l is an 
isomorphism, one can check that Cone(/ # ) ~ P* in 3>(B). This proves (1). 

(2) Since ^(5) C -Mod = Ker(/ ! ), it follows from C G ^(5)c-Mod that / ( B C) = 0, and therefore f (We { ) ~ 
f{Be\) and j ! (We 2 ) ^ f{Be 2 ) in ^(/?). Note that the complex y(Be{) is of the form 

>0 — >Hom B (fle 2 ,flei) -^> Hom s (Sei,Sei) — >0 — ► ■•• 

which is isomorphic to S[—l] as complexes. Similarly, one can show that f(Be 2 ) is isomorphic in Ql(R) to the 

v 
complex — > T — > S®rT — > over R with T in degree 0. Recall that the latter complex is isomorphic to 

J2"[— 1] in Qi{R) and that Q' is isomorphic to Q* ®# T in @{R), since the pair (k,fi) is exact (see the diagram 

(*)). Thus f(Be 2 ) ~ Q'[-l] ^ (g" ® R T)[-1] in ®{R). This completes the proof of (2). 

(3) Since Homg(P # , — ) : Tria(P*) — > @{R) is an equivalence by Lemma [3761 we see that the morphism 
£/» : j\f{P') -> P' is an isomorphism in @(B). Hence iJ*(P*) = in S>(B). Then, it follows from the 
following commutative diagram with all rows and columns being triangles in @(B): 



P'[-1}- 



■ J\f(Bei. 



jd'iv) 



Be 



J\f{Be 2 ) 

£s<-2 

^Be 2 



■hfiP') 

e,,. 

-+P* 



iJ*(P'[-\]) * i*? (Be{ 4 



M*(<p) 



*-iJ*(Be 2 ) 



iJ*(P') 



hf{Be Y )[\] ^j,f-{Be 2 )[\] ^ hj\P')[\] 



hfiP') — 
that M*(cp) : iJ*(Bei) — > iJ*(Be 2 ) is an isomorphism in S)(B). This proves (3). □ 

Lemma 3.8. IfX:R—)-Sis homological, then 

(1) Ui*(Bei) ~ Be 2 ®\Sin 9(B). In particular, HJ(iJ*(B ei )) ~ j ^ jp 7 '. ^ 

(2) 77ie homomorphism T ®r S —> SUrT, defined by t (g> s i-> (f )(j) (j)p /or f G T anJ s£S, induces an 
isomorphism of T -modules. Moreover, SUg T ~ End7(T <S>r>S) as rings. 

Proof. Set r := ,SU# 7\ We define four homomorphisms: 

m:S®RS^S, Si ®s 2 >-+ s\s 2 , <Pi : S®rS — > S®rT ®rS, s\ ®s 2 >->■ si <g> 1 <2>*2, 
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q>2 : S ®, 

for S\,S2 € S 
withf^ 5 ) 



and t £ T. Note that they are all well defined. Moreover, we identify Bei(g> R S and Be 2 (£>rS 



( q J and ( T^s ) as 5-modules, respectively. Then there are two chain maps in ^(B): 



p"MS[-i]) 

W«i : 

§1 



Be 



1 ■ 



fs®^ ( o ) (s® r t® r s\ 
V o y v. r® s s y 



(o) 



:s) 



' <P2 
v"P3. 



(1) Let p Homg(P*,Sei) be a projective resolution of the complex HoiriB(.P*,itei) in S){R) with 

x : pHom B (P',Sei) — > Hom B (P',Bei) 

a quasi-isomorphism (see Section 2). Note that the left /^-module structure of Horns (P*, Be i) is induced from 
the right /^-structure of P' and that Hom^f", fie i) — S[— 1] as complexes of /^-modules. In the following, we 
always identify Hom^P^Ztei) with S[— 1]. Then one can check directly that the counit e Bei : j\j-(Be\) — > 
Be\ is just the composite of the following canonical morphisms: 



f <&T n . 



rki 



j,JiBe l )=P*® m R (Hom B {P',Be 1 )) r -^ P' ® R Hom B (P m ,B ei ) =P m ® m R (5[-l]) 7 -^>5e 
Now we apply the triangle functor — ®# Horns (P ', Be i) to the distinguished triangle 

q>[] 



5e 2 — J-P* — >Be\[l] -^4 Be 2 [l] 

in ,J€{B®-lR ), and establish easily the following commutative diagram with all rows being distinguished 
triangles in S>{B): 

(D®^ 1 

Be 2 ®\Uom B {P' ,Be x ) ^ P' ®\t\om B {P' ,Be x ) s- Be x ®\t\om B {P m ,Be x )[\] ^ Be 2 ®\Ytom B {P' ,Be x )[t] 



Be 2 ®«Hom B (P*,Bei 



Be 2 ® R (S[-l]) 



P'tgi-z 
-»- P* ®' R Hom B (P' ,Bei 




Be, ,-;x 



Be 2 W\l] 



*- Be\ ®«Hom B (/" ,S«i)[l] ^ 5e 2 (8 ff Hom B (i",Bei)[l] 



iJ*(Be\) 



where r\ Bex is the unit adjunction of the adjoint pair (/*,/*), and where the first and third isomorphisms in the 
third column follow from the fact that X : R —> S is homological. This implies that there is an isomorphism 
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P : Be 2 (S> B Hom B (P*,5<?i)[l] — > iJ*{Be\) in 3>{B) such that the following diagram commutes: 

P m ®\B.om B {P' ,Be x ) ^Be l ®\nom B {P\Be l )[\]^-^Be 2 ®\\iora B (P\Be l )[\] . 



(Bei«x)(^) 

Y 

P*®LHom B (P*,Bei) -^ *Bet = (^j — ^iJ*{Be x ) 

As a result, we have Be 2 <S> B S ~ iJ*{Be\) in ^(fi). It is clear that H j (Be 2 ®g S) ~ Tor^ -(fie 2 ,5) for any 
7 G Z. Since isomorphic objects in f^(fi) have the isomorphic cohomology groups in each degree, (1) follows. 
This finishes the proof of (1). 
(2) Define 

a = [T 1 (Be 2 ® x[l]) : M*(flei) — ► 5e 2 ®rS, 

y = I I :Be 2 ® R S — >Cei and co = ri Be ,G : fi<?i — >Be 2 ® R S. 

Then, it follows from the above two commutative diagrams that CO = (q ) (cp® 1). This means that 9i = coy. 
Now, we claim that the map yis an isomorphism in fi-Mod. In order to show this, it is sufficient to prove 
that Be 2 ®r S G C-Mod and that the induced map 

Hom B (y,M) : Hom B (Cei,M) — > Hom B (Be 2 ® R S,M) 

is bijective for every C-module M. 

In fact, by (1), we know that H Q (iJ*(Be\)) ~ Be 2 ® R S. In particular, Be 2 <S>r S G C-Mod because 
iJ*(Be\) G ^(B)c-Mod- Moreover, since 6 : B — > C is a ring epimorphism by Lemma I3T1 the map 6i 
always induces a bijection 

Hom fi (8i,M) : Hom B (Cei,M) -=^Rom B (Be u M). 

Then, it follows from 8i = coy that Hom B (8i ,M) = Hom B (y,M)Hom B (co,M). This means that, to verify the 
bijection of Hom B (y,M), it suffices to show that 

Hom B (co,M) : Uom B (Be 2 (g> R S,M) — >Uom B (Be[,M) 

is bijective. This is equivalent to verifying that both Hom^( B ) (jlBe, ,M)) and Honw g ) (o,M) are bijective. 

On the one hand, since M G C-Mod and j\j\Be\) GTria(P*) by Lemma l3.6l we have Honw B \ (_/!_/• (2tei),M[n]) 
= for any n G Z. Applying Honw B )(— ,M) to the triangle 

jj\Be l )^Be l ^U*(Be l )^j l j l (Be l )[l], 

we infer that 

Hom^( B )(r| Bei ,M) :\iom &[B) {iJ*{Be ] ),M) — > Hom B (fi<?i,M) 

is bijective. On the other hand, since ij* {Be\ ) ~ Be 2 ®\S in S>(B) by (1), we know that H J (iJ* {Be\)) = for 
anyj>0andH Q (o)=H Q ($)- l H (Be 2 ®'i{l}):H (iJ*(Be l )) ^Be 2 ® R S. Now, we apply the cohomology 
functor H m (—) to the triangle 

(f) U'^U*(Be 1 )-^Be 2 ® R S^U u [l} 
in ®(B) induced from a, and get H m (V) = for any m > 0. Let V = (U',d% z and V be the complex 

>U~ 3 ^U~ 2 ^ Ker(0 —►()—►■•■. 
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Then V ~ U m in ®[B), and therefore Hom^ (B) (f/*,M) ~ Hom^ (B) (V * , ,-M) ~ ¥Lom^ B )(V , t M) = 0. Sim- 
ilarly, we can show that Honw g )(£/*[l],M) = 0. Applying Hom^( B )(— ,M) to the triangle (f), we conclude 
that 

Hom^ (B )(a,M) : Hom B (Be 2 ® R S,M) — >Uom B (iJ*(Bei),M) 

is bijective. Thus, Hom B (oo,M) is bijective and yis an isomoiphism of 5-modules. 

Now, it follows from y = ( * 2 J that q>3 : T ®r S — > T is an isomorphism of T-modules. Since X : 7? — >■ S is 
a ring epimorphism, we deduce from Lemma l23l l) that (j) : T — > F is also a ring epimorphism, and therefore 
r ~ Endr(r) ~ Endr(r) ~ End^J ®rS) as rings. This completes the proof of (2). □ 

To prove Theorem 11.11 we need to establish the following two important lemmas. 

Lemma 3.9. IfX : R — > S is homological, then Torf (S, T) = Ofor any i > 0. 

x 
Proof. Recall that we have a distinguished triangle R — > S — > Q* — > R[\] in Si(R). Since X is homolog- 



:R 



S®%% 



ical, it follows from (9] Theorem 4.4] that X induces the following isomorphisms S — > . 
in @(S). This clearly implies that S 0^ Q* = in @(S), and therefore S ®« Q" = in @(R). Since 
(A,,/i) is an exact pair, we have seen that jjl* : Q' — > Q* ®r T is an isomorphism in @(R) (see the diagram 
(*)). As a result, we have S® B (Q* ® r T) ~ 5®^ Q* = in ^(5). By applying 5® B - to the triangle 

T -^Us® R T — >Q*® R T — ► T[l], we obtain S®\ T ~ S®£ (S®« r) in ^(5) (and also in #(J?)). This 
yields that Torf (5, T) ~ Torf (S, S®rT) for any i > 0. As S ® B J is a left 5-module and X is homological, it 
follows that Torf(S,S<S>R T) = Torf (S,S®# 7 1 ) = for any / > 0, and therefore Torf (5, 7 1 ) = 0. This finishes 
the proof. D 

Lemma 3.10. Given a commutative diagram of ring homomorphisms: 




ifX is homological and (X,/S) is exact, then the following statements are equivalent: 

(1) The ring homomorphism g :T — >• T is homological. 

(2) The ring homomorphism 



Q f,g '■ B 



M 2 (T), 



Si 




S 2 ®t 2 

h 



i-)- 



is homological. 
Proof. Set A : 



(*i)/ (s 2 )f(t 2 )g 

o (h)g 







, St eS,t { eT,i= 1,2 



■M 2 (F). Letei := ( )ande 2 :=( X ) Gfi, and let e := (e 2 )0/,g G A. Then we 

have e = e 2 , EndA(Ae) ~ T and End B (B^2) — 7\ Observe that Ae is a projective generator for A-Mod. Then, 
by Morita theory, the tensor functor eA ®a — : A-Mod — > T-Mod is an equivalence of module categories, 
which can be canonically extended to a triangle equivalence D(eA®A — ) : S>{A) — > &iT). 

It is clear that e 2 B ® B A ~ e 2 ■ A = eA as T-A-bimodules, where the left T-module structure of eA is 
induced by g : T — > F. Thus the following diagram of functors between module categories 

A-Mod — M ^ A ~ ? T-Mod 



( e /.,), 



B-Mod 



e-,B: 



T-Mod 
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is commutative, where (6/, g ) and g* stand for the restriction functors induced by the ring homomorphisms 
8/ ig and g, respectively. Since all of the functors appearing in the diagram are exact, we can pass to de- 
rived module categories and get the following commutative diagram of functors between derived module 
categories: 

D(eA(g> A -) 

(f ) 0(a) — U. 0(r) 

d((0/J.) />(*.) 

t D(e 2 fi® fl -) t 

0(B) — U- 0(7) 

where the functor D(eA©A — ) in the upper row is a triangle equivalence. 

Note that Qf tg : B —> A (respectively, g : T — >■ T) is homological if and only if the functor D((6j ig )*) 
(respectively, D(g*) ) is fully faithful. This means that, to prove that (1) and (2) are equivalent, it is necessary 
to establish some further connection between D((6/. g )*) and D(g*) in the diagram (f ). 

Actually, the triangle functor D(e2B®B —) induces a triangle equivalence from Tria(Be 2 ) to 0(r). This 
can be obtained from the following classical recollement of derived module categories: 



0(S) 



which arises form the triangular structure of the ring B. 

Suppose that the image Im(D((6yg)*)) of the functor D((8/ ]g )*) belongs to Tria(Be 2 ). Then we can 
strengthen the diagram (f ) by the following commutative diagram of functors between triangulated cate- 
gories: 

D(eA(g> A - 




0(A) 
/ D{(Q f . s h) 

0(B) -* > Tria(Be 2 ) — -^ 



■0(r) 
■0(r) 

This implies that D((8/, g )*) is fully faithful if and only if so is D(g*), and therefore 6/ jg is homological if 
and only if g is homological. 

So, to finish the proof of Lemma |3. 101 it suffices to prove that Im(D((8/.g)*)) C Tria(Be 2 ). In the 
following, we shall concentrate on proving this inclusion. 

In fact, it is known that 0(A) = Tria(Ae) and D((6/.g)*) commutes with small coproducts since it admits 
a right adjoint. Therefore, according to the property (2) in Section I2TT1 in order to check the above inclusion, 
it is enough to prove Ae G Tria(Be 2 ) when considered as a B-module via 6/ ]g . If we identify e 2 B <8>b — with 
the left multiplication functor by e%, then Ae G Tria(Be 2 ) if and only if Be2 <8>r e 2 • (Ae) — ^>- Ae in 0(B). 
Clearly, the latter is equivalent to that Tor„ (Be2, e 2 ■ (Ae)) = for any n > and the canonical multiplication 
map Be 2 ©r ?2 ■ (Ae) — > Ae is an isomorphism. 

Set M : = S ® R T and write B-modules in the form of triples (X ,Y,h) with X G T-Mod, Y G S-Mod and h : 
M®jX — > Y a homomorphism of 5-modules. The morphisms between two modules (X,Y,h) and (X 1 ,Y' ,h') 
are pairs of morphisms (a, f3), where a : X — > X' and P : F — > Y' are homomoiphisms in T-Mod and 5-Mod, 
respectively, such that h$ = (M<S>t o)h' . 

With these interpretations, we rewrite Ae = (r, T, 8r) G B-Mod, where 8r : M ©r T — > T is defined 
by (j © f) © y i-^- (s)f(t)gy for s £ S,t £T and y G T. Then e 2 ■ (Ae) = eAe ~ T as left T-modules, and 
Be 2 — M © T as right T-modules. Consequently, we have 

Be 2 (S) T e 2 - (Ae) ~ Be 2 © r r ~ (r, M © r T, 1 ) and TorJ (Be 2 , e 2 ■ (Ae)) ~ TorJ (M © T, T) ~ TorJ (Af , T) 
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for any n > 0. This implies that the multiplication map Bei ®t «2 • (Ae) — > Ae is an isomoiphism if and 

only if so is the map 8r- It follows that Bei ®\ ei ■ (Ae) ~ Ae in 3>(B) if and only if 8r is an isomorphism of 

•S-modules and TorJ(M,r) = for any n > 0. 

In order to verify the latter conditions just mentioned, we shall prove the following general result: 

For any T-module W, if we regard W as a left T-module via g and an S-module via /, then the map 

dw '■ M ®j W — > W, defined by (s ® t ) <g> w i— > (s)f(t)gw for s € S, t € T and w S W, is an isomoiphism of 

•S-modules, and TorJ(M,W) = for any i > 0. 

To prove this general result, we fix a projective resolution V* of S R : 

> V — ► V"" 1 — > ► V 1 — ► V° — > 5 R — ► 

with V' a projective right 7?-module for each i. By Lemma [3791 we have Tor^(S, T) = for any j > 0. It 
follows that the complex V <g># T is a projective resolution of the right T-module M. Thus the following 
isomoiphisms of complexes of abelian groups: 

(V ® R T) ® T W ~V ® R (T ® T W) ~V ® R W 

imply that TorJ(M,W) ~ Totf(S,W) for any / > 0. Recall that W admits an ^-module structure via the 
map /. Moreover, it follows from Xf = fig that the /^-module structure of W endowed via the ring ho- 
momorphism /ug is the same as the one endowed via the ring homomorphism Xf. Then, it follows from 
X being a homological ring epimorphism that the multiplication map S®rW — > W is an isomoiphism of 
5-modules and that Torf (S,W) = for all i > (see (9j Theorem 4.4]). Therefore, for any i > 0, we have 
Torf {M,W) si Torf (5, W) = 0. Note that 

M® T W = {S® R T)® T W ~S® R {T® T W) ~S® R W ~ W 

as 5-modules. Thus the map 8w is an isomoiphism of S-modules. So the above-mentioned general result 
follows. 

Now, by applying the above general result to T, we can show that 8r is an isomorphism and Tor J (M, T) = 
for any n > 0. This completes the proof of Lemma 13.101 □ 

With the above preparations, we now give a proof of Theorem 11.11 

Proof of Theorem ll.il Note that the second part of Theorem II. H is a consequence of Corollary I3.5l and 
Lemma I3/8T 2). Moreover, in Lemma 13.101 if we take r := SU R T, f := p and g := (j), then 8/ )g = 6, and 
therefore (1) and (2) in the first part of Theorem II .H are equivalent. 

In the following, we shall prove that (1) and (3) in the first part of Theorem II .H are equivalent. 

In fact, by Lemma 13721 the ring homomorphism 6 : B — > C is homological if and only if H n (i.J*(B)) = 
for any n ^ 0. This is equivalent to saying that H n (iJ*(Be\)) = for any n ^ since iJ*(B) ~ iJ*(Be\) © 
iJ*(Be2) — iJ*(Be\) ®iJ*(Be\) in !3(B) by Lemma l377l 3). Furthermore, Lemma l3?8l shows 



«•(«•(*.)) = { Le.(*,,5) !f" n <a 



This implies that 6 is homological if and only if Tor^ n (Be2 ,S) = for any n < 0. Note that Bei ~ T © (S ® R T) 
as right /^-modules and that there is an exact sequence of /?-/?-bimodules: 



( I 
— >R { ^¥ S® T^Us® R T ^0. 



Since X : R — > S is a homological ring epimorphism, we have Tory (S, 5) = for any j > 0, and the map 
X ® R S : R ® R S — >• S ® R S is an isomoiphism. It follows that TorJ (T, S) ~ Toi^ (5 ® R T, S) for j > if we 
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apply the functor — ®r S to the above exact sequence. Thus Tory (Bei,S) ~ Tory (T, S) © Tory (T, S) for all 
j > 0. Consequently, the map 6 is homological if and only if Tor^ (T,S) = for any n > 0. This shows that 
(1) and (3) are equivalent. Thus, we have verified that all the assertions in the first part of Theorem II .H are 
equivalent. □ 

Now, let us illustrate Theorem 11.11 visually by the following diagram which indicates explicitly the rela- 
tionship among all the assertions in Theorem 11.11 For convenience of the reader, we state it as a corollary. 

Corollary 3.11. Let X : R — > S and /j : R —t T be ring homomorphisms such that (k,fi) is an exact pair. 
Suppose that both X : R — > S and (j) : T — > S Ur T are homological. Then we can construct the following 
'pull-back' of recollements of triangulated categories: 



9(S) 



@(S) 



9(C) 




@(SU R T) 



Tria(e* 



where Fj is the canonical embedding for i = 1,2, and T <g)Jj — induces a triangle equivalence from Tria(<2*) 
toTria(r(g) S 2*). 

Proof. First of all, we point out that, under the assumptions of Corollary 13.111 all the assertions in 
Theorem II .H are true. In particular, the map 6 : B — > C is homological. 
Next, we observe the following facts on the above diagram: 

(1) The recollement of derived module categories in the second column arises from the triangular struc- 
ture of the triangular matrix ring B. 

(2) The recollement of triangulated categories in the third column follows from the assumption that X is 
homological (see the end of Section l2!2l . 

(3) The recollement of derived module categories in the middle row has been stated in Theorem 11.11 
where Endr(r (£>rS) in Theorem ll.ll is isomorphic to the coproduct SUr T, which is Morita equivalent to C. 

(4) The left square in the diagram has been discussed in the proof of Lemma l3.10l 

So, to complete the proof of Corollary 13.111 it remains to verify the following two statements: 

(5) The recollement of triangulated categories in the third row does exist. 

(6) The functor T ®\ — : Tria(<2') — > Tria(r <Sir Q*) is an equivalence of triangulated categories. 

In order to prove (5), we consider the distinguished triangle T — > SLAT — > V — > T[l] in Jfr(T), 
where V is the mapping cone of (j), and claim that V ~ T ®r Q* in !&(T). In fact, from the triangle 

R — > S — > Q* — > R[l] in Jf(R), we get the following commutative diagram with all rows being triangles 

in^(r): 

(0) T^R^It^S^Xt^Q' >T<S%R[1] 



T ® rR J^. T{ 



.5^^-r- 



•or 



? *rn 



• sur 



V 
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where the first and second isomorphisms in the second column follow from Torf (T,S) = for each i > 1 and 
Lemma l3~8l 2). respectively. Thus T <8>^ Q* ~ T ® R Q* ~ V in $>{T). Since (]) is homological, the recollement 
in the third row of the diagram does exist (see Section I2T21 . So (5) follows. 

Finally, we prove (6). By the proof of (5), we see that T (g>Jj Q* ~ T ®r 2*. Hence the image of Tria(<2*) 
under the functor T ®\ — lies in Tria(7 (g)« 2*). This follows from the property (2) in Section |2T| 

To prove that the restriction functor T ®\ — : Tria(<2*) — > Tria(T ®r Q') is fully faithful, we shall show 
that the following full subcategory 

&:={Y'e@(R) \T^-:Uom &{R) {Q',Y'[n])^Uom mT) (T(g>^Q',T^Y'[n})for all «eZ} 



contains Q* and is closed under arbitrary direct sums in @{R). 

Indeed, let r\ : Id@t R \ — > D((i*)(T ®\ — ) be the unit adjunction with respect to the adjoint pair (T i 
—,D(pi*)), where D(ju*) : &(T) — > Q(K) is the derived functor induced from the functor ^ : T-Mod 
/?-Mod. Then, for each Y' G @{R), there is a unique triangle (up to isomorphism) in 3>(R): 



$ 



C Y .[-\]^Y'^ R T®\Y' 



c Y . 



where Cy is an object in @>(R) uniquely determined by the morphism r\y (up to isomorphism). Since 
(T £g)^ — ,D(ju*)) is an adjoint pair, one can further prove that & coincides with 

{Y- G ®(R) I (r\Y-y : Hom^ (£', Y' [n]) -^Rom^ (R) (Q', R T^ Y'[n]) for all n G Z}. 

Thus we have 

^ = {y* G @(R) I Hom^ (s) (e # , Cy.[«]) = for all n G Z}. 

Before giving a further description of & in terms of 3>{S), we mention the following general fact: 

For any X* G @(R), we define 5x* := {^*N I n £ Z}. Then Ker(Hom^( S j(— ,5x # )) * s a full triangulated 

subcategory of $)(R) closed under arbitrary direct sums. Dually, Ker (Homg( R ) (Sx* , — )) is a full triangulated 

subcategory of $){R) closed under arbitrary direct products. 
From this general fact, we deduce that 

Ker(Hom^ (R) (Tria(Q*),-)) = {Y* G 2>{R) \Rom 9{R) (Q',Y'[n}) = for all n G Z}. 

Further, it follows from the recollement in the third 'tilted' column that 3>{S) = Ker(Hom^( R j (Tria(<2*) , — )) . 
This implies that & = {Y* G S>{R) \ Cy G @(S)}. Here, we consider @{S) as a full triangulated subcategory 
of @{R). 

Note that T <S)g — commutes with arbitrary direct sums and that @){S) is a triangulated subcategory of 
Sl{K) closed under arbitrary direct sums. Consequently, the subcategory W is also closed under arbitrary 
direct sums in $)(R). 

To prove Q* G & ', we use the diagram (0) and form another commutative diagram in S>{R): 




where the composites of the two morphisms in the first and second columns are equal to /u and p, respectively. 
Let /* := {f l )iei be the chain map defined by f~ l := /u, f° := p and f' = for i ^ —1,0. Since X is 
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homological and since SUT is an S-module, we have Hom@( R )(Q' ,S UT) = 0. This means that there is a 
unique morphism y : Q* — > V such that the following diagram is commutative: 



R 



■^S 



Q' 



■R 



-^SUT 



■*V 



->~T 



1] 

11 



Since both f* and r|g«8 make the diagram commutative, we have /* = r|g«8 in Q){R). Since 8 is an isomor- 
phism in 3H(R), we have Cone(/*) ~ Cq- in @{R). Note that Cone(/*) is of the form: 







(-Km) (?) 







with SUr T in degree 0, where /i is given by s®t i-> (s)p (?)(]) for 5 G 5 and ? G T (see the diagram (*) at the 
beginning of Section[3]). Let Z* be the following complex of S-modules: 







-^SU R T 







which can be considered as an object in @(R), and let v* : Cone(/*) — > Z* be the chain map defined by 
V -1 = ( y J, v° = Isu r t and v' = for i / 0, — 1. Since (A,,//) is an exact pair, we infer that Cone(v*) is 
acyclic and that Cone(/ # ) is isomorphic to Z* in S)(R). Clearly, Z* lies in 3>(S), and therefore Cg» G ^(5) 
and Q* G ^. 

Recall that Tria(Q*) is the smallest full triangulated subcategory of @{R), which contains Q' and is 
closed under arbitrary direct sums. Consequently, the category *3/ contains Tria(<2*). This means that, for 
any Y* G Tria(<2*), we have 

Uom 9{R) (Q%Y m [n])^Romg {T) (T® R 'Q',T® R 'Y'[n])for all n G Z. 

Now, fix N* G Tria(<2*) and consider the following full subcategory of *3l(R)\ 

% N . :={X* ££>(R) \T^-:Hom &(R) (X',N'[n]) -=+ Hom nT) (T ^X' ,T (^N'[n]) for all neZ}. 

Clearly, Q* G SKjff. Furthermore, one can verify that SCw is a full triangulated subcategory of 3>{R), which 
is closed under arbitrary direct sums in @(R). This implies that SKff contains Tria(<2*). As a result, for any 
M* G Tria(<2*), we have an isomorphism 

T(g,^-:Uom nR) {M',N m )^nom nT) (T^M',T^N'). 

This shows that the restriction of T <S)g — to Tria(<2*) is fully faithful. Further, since T ®^ — commutes with 
arbitrary direct sums and T (g>^ Q* ~ r <g> R Q° in @(T), we can infer from the property (2) in Section l2~T1 that 
the restriction functor T <g>Jj — : Tria(<2*) — y Tria(r ® R Q*) is a triangle equivalence. This completes the proof 
of Corollary EU □. 

4 Proofs of Corollaries 

In this section, we shall prove all corollaries of Theorem 11.11 which were mentioned in Introduction. 
We preserve all notation introduced in the previous sections. 
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4.1 Proof of Corollary O 

As a preparation for the proof of Corollary 11.21 we obtain the following consequence of Theorem ll.il which 
produces homological ring epimorphisms for quotient rings from those between given rings. 

Corollary 4.1. Let X : R — >■ 5 be a homological ring epimorphism. Suppose that I is an ideal ofR such that 

the image J' of I under X is a left ideal in 5 and that the restriction of X to I is injective. Let J be the ideal of 

( 5 S/J' \ 
S generated by J', and B := I . ) . Then the following statements are equivalent: 

(1) The homomorphism R/I —> S/J induced from X is homological. 

(2) Torf /7 (///', S/J) = Ofor all i > 1. 

(3) The multiplication map I®rS — > J is an isomorphism and Tor^ (7, S) = Ofor all j > 1. 

If one of the above statements holds true, then there is a recollement of derived module categories: 

®(S/J) *- &{B) *- ®{R) . 



Proof. In Theorem ll.il we take T := R/I and choose /j : R — > R/I to be the canonical surjective homo- 
morphism of rings. Since J' is a left ideal of S, we have S(S>rT = S<S>r (R/I) — 5/(5-7) = 5//'. This means 
that B in Corollary 14. 1 1 coincides with the one in Theorem ll.il Moreover, one can verify that the pair (X,/j) 
is exact if and only if X\i : 7 — > J 1 is an isomorphism. 

By Lemma l23l 2). we see that 5Ur T = SU(R/I) = S/J with J := /'5 and that the ring homomorphism (j) : 
T — > SUr T in Theorem ll.ll can be chosen to be the canonical map X : R/I — > S/J induced from X. Therefore, 
by Theorem ll.il if X is homological, then the recollement of derived module categories in Corollary !4.1l does 
exist. This finishes the proof of the second part of Corollary 14.11 

To prove the first part of Corollary 14.1 J we shall show that (1) is equivalent to (3) and (2), respectively. 

In fact, due to Theorem ll.il we can see that (1) is equivalent to Tor^ (R/I, 5) = for all j > 1. To 
verify the latter condition, we apply — ®r 5 to the sequence — > I — > R — > R/I — > 0, and then get 
Toif +1 (7?/7, 5) ~ Tor^(7, 5) and Torf (R/I, 5) ~ Ker(8), where 8 : 7® R 5 -> J is the multiplication map de- 
fined by x (g> s h-> (x)Xs for x € 7 and s € 5. Clearly, this implies that (1) is equivalent to (3). 

Now we show that (1) and (2) are equivalent. 

According to Lemma I23TT ) and the fact that X is a ring epimorphism, X is a ring epimorphism. By 
assumption, J' is a left ideal of 5, and therefore S®r (R/I) ~ 5/(5-7) = S/J' . Thanks to the general result 
proved in the last part of the proof of Lemma 13.101 we see that 

Torf // (5//, W) ~ Torf /7 (5® R (R/I), W) = 

for all i > 1 and all 5//-modules W. It follows then that Torf /7 (5/7', 5/7) = for all i > 1. Consider the 
short exact sequence of right 7?/7-modules: 

— ► J / J' — ► S/J' — ► 5// — ► 0. 

R If R ll 

If we apply the functor — ® R ij (S/J) to this sequence, then we can check that Tor- (J/J , S/J) ~ Tor.^j (5/7, S/J) 

Rll 

for all i > 1 and that the connecting homomorphism Tor/ (S/J, S/J) — > (J /J') ®r/i (S/J) is injective. 

Clearly, if Torf ''(S/J, S/J) = 0, then Tor^ /7 (5//, 5//) = for all j > 1 if and only if Torf /7 (///', 5//) = 
for all / > 1. This implies that the statements (1) and (2) in Corollary 14. H are equivalent. 

Now, we claim that Torj (5//, 5//) = always holds under the assumptions of Corollary 14.11 To show 
this claim, it is enough to prove that (J /J') <8>r/i (S/J) = 0. Note that if C — > D is a ring epimoiphism, then 
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D ®cX ~ X as D-modules for any D-module X, and Y (g>cD ~ J 7 as right D-modules for any right D-module 
Y. This fact together with properties of ring epimorphisms implies the following isomorphisms: 

(J /J') ®r/i (S/J) a (J /J') ® R (5/7) ~ (///') ® R (S® R (S/J)) ~ ((///') ® R S) ® R (S/J). 

Since SJ' = f and //' C /', we deduce that {{J /J') ® R S)j' = 0. This means that (///') <3 R S is a right 
S/7-module. Clearly, the composite of the two ring epimorphisms R — > S and S — > S/J is again a ring 
epimorphism. It follows that ((///') <8>«5) <S>« (5//) ~ (•///') (2)^5 as right ,S/./-modules. 

In the following, we shall show that (J /J') (g> R S = 0. Actually, applying the functor — <g> R S to the exact 
sequence 

— ► f -^» J — > J/f — ► 

of right /^-modules, we get an exact sequence 

ftogS^JtoRS—tiJ/^QiiS—K) 

of right 5-modules. Since J is a right S-module and X : 7? — > S is a ring epimorphism, the multiplication 
map \|/ : J <S>r S — > J, denned by x <g> s i-> xs for x G 7 and ^ £ 5, is an isomorphism. Note that the map 
(a <S>r 5)\|/ : /' <8>ft S — > J is surjective. This yields that a <8>« 5 is surjective and that (J /J') <S>r 5 = 0. Hence 
Torf /7 (5//, S/J) = 0. 

Thus, we have shown that the three statements in Corollary 14. H are equivalent. This finishes the proof. □ 

Remark. There is a connection between exact pairs and ring homomorphisms described in Corollary 14.11 
Indeed, the proof of Corollary 14.11 shows that each ring homomorphism X : R —> S together with an ideal I 
of R satisfying the assumption in Corollary 14. II provides us an exact pair (A,,7i), where 71 : R — > R/I is the 
canonical surjection. Conversely, for any exact pair (/k,/j) of ring homomorphisms X : R — > S and /u: R — )• T, 
the ideal I := Ker(//) of 7? satisfies the assumption in Corollary 14. II 

Proof of Corollary ll.2[ 

(1) In Corollary 14.11 we take 5 := R/I\ and I := I2, and let X : R — >■ S be the canonical surjective ring 
homomorphism. Then J' = (I)X = {h+h)/h = J, which is an ideal of S. In particular, Tor- (J/J', S/J) = 
for all i > 0. Furthermore, S/J' ~ R/(h +h), and the map X,|/ : / — > (I)X is an isomorphism if and only if 
/[ n/ 2 = 0. Hence Corollary [Oi l) follows from Corollary @T] 

(2) Suppose that X : R — > S is homological. In Theorem ll.il we take T := R x M and define /j : R — > T to 
be the inclusion from R into T. By Lemma l2T4"l the ring S kM, together with the inclusion p : S — > S x M and 
X : T —} S x M, is the coproduct of S and T over R. In particular, we can take (]) = X in Theorem ll.il 

First of all, we claim that (A,,ju) is an exact pair. Actually, it follows from the split exact sequence 
— > R -A- T — > M — > of 7?-/?-bimodules that R T R ~ R ®M as 7?-/?-bimodules. Since X, is a ring 
epimorphism and M is an 5-S-bimodule, the map 

S® R T — >S\xM, s®{r,m) i-> (sr,sm) 

for 5 G 5 and m G M, is an isomorphism of 5-r-bimodules. Under this isomorphism, we can identify the map 
// : 5 — > S® T (see Introduction) with p, and the ring B in Theorem II. II with the one defined in Corollary 
11.2( 2). Note that — > S — > S x M — > M — > is also a split exact sequence of 5-5-bimodules. It follows 
that Coker(/j) ~ Coker(//) ~ M as /?-i?-bimodules, and therefore the pair (X ;i u) is exact. 

Next, we shall show that the assertion (3) in Theorem 11.1 1 holds for the pair (X,/j). In fact, for each i > 1, 
we have Toif (T,S) ~ Torf (R®M,S) ~ Torf (M,S) ~ Torf (M,S) = 0, where the third isomorphism follows 
from the fact that X is homological and M is a right 5-module. Now, the necessity condition of Corollary 
11.21 2) follows immediately from Theorem 11.11 
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To see the sufficiency condition of Corollary U.21' 2). we suppose that X is homological. Then we may 
apply Corollary 14. 1 I to see that X is homological. This finishes the proof. □ 

As an easy application of Corollary 14.11 we obtain the following interesting result in which the left-hand 
side of the recollement is the derived module category $>(S/I) instead of &(S). 



Corollary 4.2. Let R C S be an extension of rings. Suppose that I is an ideal of S with I C R. Define 

S S/I ' 

R/I 
R/I — > S/I induced from X. In this case, there is a recollement of derived module categories: 



B: 



If the inclusion R — >■ S is a homological ring epimorphism, then so is the homomorphism 



@(S/I) 



9(B) 



@(R) . 



Remark. Note that, in Corollary 14.21 the ring B is derived equivalent to the ring T :- 



This 



is an obvious consequence of |[T9l Lemma 3.4]. Thus, the algebraic ^-theory of T is isomorphic to that of 
B. For further discussions on calculating higher algebraic ^-groups using derived equivalences and ©-split 
sequences, we refer the reader to ||T9l . 

Finally, we point out a possible choice for the ideal / in Corollary 14.11 

Lemma 4.3. Let X : R — > S be a ring epimorphism such that Hom#(S,X) : Hom#(#S , rR) — > Hom# (rS, rS) is 
injective. Define I := {(1)/ | / G Hom#(>S,/?)}. Then I is an ideal ofR such that the image (I)X of I under X 
is a left ideal ofS and that the restriction map X\j : / — > (I)X is an isomorphism. 

Proof. Since X is a ring epimoiphism, we have Homfl(#,S,flS') = Horns isS,sS)- By identifying R and S 
with Hom#(7?,/?) and Homs(,S,,S) through the right multiplication, respectively, we can re- write Hom#(A,,/?) : 
Uom R (S,R) -> R by / ■-> (1)/, and Hom s (S,X) : Hom R (S,R) -> S by / ^ (\)fk for each / G Hom s (5,7?). 
It follows that Hom#(S',?i) = WomR(X,R)X, and therefore Hoim?(X,/?) is injective. This also implies that 
X\i : I —> (I)X is an isomorphism. Since Hom«(5,7?) is an 5-/?-bimodule, we know that / is an ideal ofR such 
that (I)X is a left ideal of S. This finishes the proof. □ 



In the next section, we shall consider ring epimorphisms X with the property mentioned in Lemma 
detail. 



in 



4.2 Proofs of Corollaries lOOl 

In this section, we follow again the notation introduced in Section 1 . Fix a ring homomorphism X: R — > S, 
and let 

(**) i?^Ag'Ai?[i] 

be the distinguished triangle in the homotopy category Jff(R) of R, where the complex Q* stands for the 
mapping cone of X. 

Now, we set S' := End^( R ) (8*)» an d define p : R — > S 1 by r i-> f for r G R, where /" is the chain map 
with f~ l := r, f° := -(r)X and /' = for i ^ 0, — 1. Here, r and • (r)X stand for the right multiplication 
maps by r and (r)X, respectively. These data can be recorded in the following diagram: 
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The map J2 is called the ring homomoiphism associated to X. Note that if X is injective, then Q' can be 
identified with the /^-module S/R in @(R), and, under this identification, the map p coincides with the 
induced map from R to End/? (S/R) by the right multiplication. In this case, we shall replace the complex Q' 
with the /^-module S/R. 

Recall that A denotes the ring End^( R j (5© Q') and that Jt* is the induced map 

Hom^ (R) (5 © Q\ %) : Hom^ (s) (5 © Q', S) — ► Hom^ (R) (5 © Q', Q') . 

Let X K * : A — > A % * stand for the universal localization of A at 7t*. 

In (5J Lemma 6.5], we proved that if X is an injective ring epimorphism with Torf (5,5) = 0, then the pair 
(X,p) is exact. As a generalization of this result, we shall show, in this section, that if X is a ring epimorphism 
such that Torf (S,S) = = Hom«(5,Ker(X)), then (X,Ji) is exact. In this general case, the complex Q* may 
have two terms of non-zero cohomologies. 

If X is a ring epimorphism, then 5 ~ Ends (S) as rings, and therefore Hom^( S ) (Q* , S) = 0. Moreover, there 
is a canonical homomorphism x : S <g> R 5' — > Hom^( R ) (5, Q°) of S-S'-bimodules, defined by s®f \-t s-(%f) 
for s € S and / € S' . In this case, we obtain a relevant ring homomoiphism: 

S S® R S' \ J S Hom m (S,Q') 



In the following lemma, we shall provide a sufficient condition to ensure that the ring homomoiphism 
X is an isomorphism. This generalizes some known facts in [5. Lemmas 6.4 and 6.5] on injective ring 
epimorphisms. 

Lemma 4.4. Suppose that X:R^-Sisa ring epimorphism with Tory (5, S) = such that the map Hoim? (X,R): 
Hom R (S,R) — > Hom R (R,R) is injective. Then the following holds: 

(1) Kom m (Q',S) = = Hom^ (R) (£',S[l]). 

(2) Ker(/7) ~Hoim?(5,/?) <a«ciCoker(/7) ~ExtJj(5,7?) as R-R-bimodules. In particular, ifExt l R (S,R) = 0, 
then S' ~ R/I as rings, where I := {(l)h \ h € Homs(S,7?)} is an ideal ofR. 

(3) The canonical homomorphism X : 5<S>«5' — > Hom^(R)(5, Q°) is an isomorphism of S-S' -bimodules 
such that 1 (g) 1 is mapped to K. In particular, 

. ( s S® R S' 

A Ho s' 

(4) Suppose that X is injective. IfR is commutative, then so is S'. 

Proof. (1) We claim that if X is an arbitrary homomoiphism of rings, thenHom^( R )(<2*,5[/]) ~Ext^(5,5) 
for any i G Z\ {0}, and Homgt( R )(<2 # ,5) ~ Ker(Hom R (X,5)). 

In fact, applying Honw^)(— ,S[j]) to the triangle (**), we get the following long exact sequence: 

Hom^ {R) (R,S[j-l]) — >}iom S){R) (Q , ,S[j]) — ► Hom^ (R) (S,S\J\) — '-+ Hom^( R) (#,5[/']) 

for each j € Z, where §j := Hom^^^Sfj]). Since Hom$rg\(R,S[k]) = for any k ^ and since (|>o : 
Hom#(5,5) — > Hom R (R,S) is surjective, it is easy to verify that Hom$/ R \(Q m ,S[i]) ~ Honw S )(5,5[j]) for 
any / i G Z. We leave the details to the reader. Note that this claim implies that Honw R \ (<2* ,S[i]) = for 
any i < 0. 

Since X is a ring epimorphism with Torf (5,5) = 0, it follows from |[T6l Theorem 4.8] that (j)o is an 
isomorphism and Extjj(5,5) ~ Ext|(5,5) = 0. We have seen that Hom^( R )(<2*,5) = 0. This proves (1). 
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(2) First, we point out that Hor%*( R )(<2* ,R) = 0. Actually, this can be concluded from the following 
exact sequence: 

_> Ham m (Qr,R) — >• Uom R (S,R) Hom ^' R) Uom R (R,R) 

together with the assumption on Hom R (k,R). 

Recall that we have the following commutative diagram in Jff{R) for each r £ R: 




Note that if the above diagram is considered in &{R), then (r)p is the unique morphism in S' such that 
the above diagram is commutative. In fact, if there exists another g € S' such that this diagram com- 
mutes, then gv = v(-r)[l] = (r)pv. This implies that g — (r)p = g'% for some g' € Honw S )(<2*,S). Since 
Hom^( S ) {Q',S) = by (1), we have g' = and g = (r)Ji. Thus, in S>{R), the map (r)p is uniquely determined 
by the triangle (**) and by the maps r and -{r)X. 

Next, we calculate the kernel and cokernel of p. In fact, since Hanw R )(Q°,R) = 0, we can easily form 
the following exact sequence: 



— ► Hom R (S,R) —> Hom R (R,R) -^ Uom &(R) (Q'[-l},R) 



)(Q',S)=0: 



Hom^ (s) (5[- 



11 R) 







Hom S)(s) (2 , ,5'[l])by (1), we know 



where £, := Hom^( R ) (v[— 1],/?). Moreover, since Hon%( R ) 
that 

¥ :=Hom #w (e , [-l],v[-l]):Hom^ (R) (!2*[-l],G , [-l])^Hom^ (R) (e , [-l],/?) 

is an isomorphism. Certainly, the shift functor [1] induces an isomorphism of rings from End^( R )(<2*[— 1]) 
to 5'. Consider the composite fy^~ l [1] : End R (R) — > S'. One can check directly that this map coincides with p 
if R is identified with End«(7?) by the right multiplication. Thus Ker(//) ~ Ker(^) and Coker(/7) ~ Coker(^) 
since \|/~' is bijective, and therefore Ker(/7) ~ Hom R (S,R) and Coker(/7) ~ Ext R (S,R) as /?-/?-bimodules. For 
the last statement of Lemma I4~4l 2). we observe that if Ext l R (S,R) = 0, then p is surjective with Ker(/7) = /. 

(3) We first prove that 5(8>/?Coker(X) = = Torf (5,Coker(X,)). Indeed, by applying S® R — to the exact 
sequence 

— ► Ker(V) ^U R -\ S — ► Coker(X) — ► 0, 
we get the following two relevant exact sequences: 

S® R Ker{X) S -^S( 



■R — >S<g) R lm(X) — >0, 
— > Tor? (S,Coker(A,)) — >S® R Jm(\) — > S® R S — ► S® R Coker(X) 



0. 



Since X is a ring epimorphism, the map S ® R X : S ® R R — > S <S)r S is an isomorphism. Consequently, we get 
S® R R ~ S® R Im(k) ~S® R S. This means that 5® (0 = and S<g> R Coker(T) = = Tor?(S,Coker(X)). 

Next, we show that Hom^/ R \ (X, Q') : Hom^/m (S, Q*) — > Hoirwm (R, Q') is surjective. In fact, we have 
the following commutative diagram: 



Hom^ R) (S,Q*) 



Hom X(R) (S,<2') 



X, 



■» Hom^^g*) 



H 0mjrw (/?,e*) 
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where the vertical maps are the canonical localization maps from the homotopy category to its derived cat- 
egory. One can check that the X* in the bottom row is surjective. This implies that the map on the top is 
surjective, as desired. We should remark that Homg( S )(l, Q*) is surjective for any ring homomoiphism X 
because our proof of this fact does not relay on any additional conditions on X. 

Now, by applying Honwm(— ,Q') to the triangle (**), we can construct the following long exact se- 
quence of /^-modules: 



JI, 



HonW/?[l],<2*) -^HonW<2',0") -^>HonWS,<2') 



Horn 



9{R) 



(R,Q') 



o. 



Write L := Im(7t*). Since Uom^ {R) (R,Q*) ~ H°(Q') ~ Coker(X), it follows from 5 <g)« Coker(X,) = 

Torf (S^Coker^)) that S<g> R L ~ S® R Ylom^^(S,Q'). Clearly, the sequence 



S® R Hom mR) {R[l},Q') S ^ ] S® R Hom mR) (Q',Q' 







is exact. Note that Hom^( S ) 



^[1]j(2*) —H~ y {Q') ~Ker(X). Under these identifications, one can check step 
by step that v* : Ker(X) — > S' is just the composite of CO : Ker(X) — > R and Ji : R — >■ S'. Since S<g> CO = 0, we 
infer that S<g> (v*) = 0, and therefore S§$t R S' ~ S(£> R L ~ S(^ R Hom^^(S, Q*) as S-S' -bimodules. Since X 
is a ring epimorphism, we know that S (g> R Honw s \ (5, Q') ~ Honw R \ (5, Q') as S-S' -bimodules. It follows 
that S® R S' ~ Hoirw R )(S, 2*) as 5-5' -bimodules. Clearly, under this isomorphism, one can verify that the 
element 1 <g> 1 in S® R S' is sent to 71. This finishes the proof of the first part of (3). 

By the first part of (3) and the fact that Hom@( R \(Q*,S) = 0, we obtain the second part of (3). 

(4) This was proved in [5, Lemma 6.5(5)] under the identification of Q* with S/R. □ 

Let us remark that if X is a ring epimorphism such that Hom«(S,X) : Hom#(,S,/?) — y Hom R (S,S) is injec- 
tive, or equivalently, Hom«(5',Ker(X)) = 0, then Hom#(X,/?) : Hoim?(S,/?) — > Hom R (R,R) is also injective 
(see the proof of Lemma POT ). Clearly, if X is injective, then so is Hom#(,S, X). 

As a consequence of Lemma \4A[ we have the following conclusion which will be used in the proof of 
Corollary O 



Corollary 4.5. IfX : 7? — )■ S is a ring epimorphism such that Torf (S, 5) 
(X,Jl) is exact, where Ji is the map associated to X. 



= Hom#(S,Ker(X)), then the pair 



Proof. On the one hand, since Hom«(5', Ker(X)) = 0, the map Hom«(5',?i) is injective, and therefore 
Hom^( R )(S[l],<2") = by applying Hom^(#)(S[l],— ) to the triangle (**) and by observing the fact that 
Hom^(je)(5[l],5) ~ Hom^^(S,S[— 1]) ~ Ext^ 1 (S,S) = 0. On the other hand, we have a surjective map 
Hoimwm(X,<2*) : Honwm(,S,<2*) — > Honwm(/?,<2*) (see the proof of Lemma |4~4t 3)). Thus, by com- 



bining the diagram (*) at the beginning of Section [3] with Lemma PL4T 3). we can construct the following 
commutative diagram in ^(R) with two exact rows: 







Ker(X) 




Coker(X) 



^ Hom^ (s) (R[l] , Q') — ^ Hom^ (R) {Q\ Q') — ^ Hom^ (R) (S, Q') — U. Hom^ (R) (R, Q" 











By calculating cohomology groups from this diagram, we see that Ji' : Q* — > Q* ® R S' is a quasi-isomorphism 
in "rf (/?). According to the equivalent conditions mentioned at the beginning of Section [3) the pair (X,Ji) is 
exact. D 
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Proof of Corollary ll.3[ 

By Lemma[43l3), there are isomorphisms of rings 

A:=E„d s(s)(Sffi Q-) = (^ H «' 2,) ).*:=(;; S %f ) 

. . . . /0n\/0 1<g>l\_ /l 0\ /0 0\ 

where the second isomorphism sends I I to I J.Setei:=l „ _ Iande2:=( I £ 

B. Let cp : Bei — > Be2 be the map sending I I to ] for s € S. Then 71* corresponds to cp under the 

isomoiphism A ~ B, and therefore X^ : A — > A K * is equivalent to the universal localization B — > By of B at 
(p. Note that the latter map coincides with 6 : B — >■ C := ./^(SUrS') given in Theorem II .lK see also Lemma 
13 -lb - This means that X n * is homological if and only if 6 is homological. 

By Corollary 14.51 the pair (X,Ji) is exact. Since X is homological, Corollary 11 .3 I follows immediately from 
Theorem □ 

Combining Corollary [T3] with Lemma 1X61 we get the following criterion for X K * to be homological. 

Corollary 4.6. Let £ be a set of homomorphisms between finitely generated projective R-modules. Suppose 
that X^'.R^Rz is homological such that Hom# (/?£, Ker(Ax) ) = 0. Set S := Rz, X:=Xe and <!> := {5' <2>r/ | 
/£!}. Then the universal localization X^* '■ A — > A n * of A at 71* is homological if and only if the universal 
localization X<$ : 5' — >• S'^, of S' at <I> is homological. In particular, if one of the above equivalent conditions 
holds , then there is a recollement of derived module categories: 

0(S*) »- #(A) *- ®(R) . 

As a consequence of Corollary 14.61 we obtain the following result which can be used to adjudge whether 
a universal localizations of the form X n * : A — > A K * is homological or not. 

Corollary 4.7. Let C C D be an arbitrary extension of rings, that is, C is a subring of the ring D with 

the same identity. Let co : D — » D/C be the canonical surjection of C-modules. Set R := I I and 

S := Mi{p). Let X : R — > S be the canonical inclusion, and let 7t : S — > 5/7? Z?e ?/ie canonical surjective 
homomorphism of R-modules. Then the universal localization X^* : A — s- Ajt* of A at 7t* is homological if and 
only if the universal localization X a * : E — > E m * ofE at CO* is homological, where E := Endc(D© D/C), and 
CO* : Home (D(B D/C, D) — > Home (Z)ffi D/C, D/C) is the homomorphism of E -modules induced by CO. 

Proof. Since Q' can be identified with S/R in S'(R), we have 5' = Ends (S/R)- Thus the map p : /? — > 

u i. • i. ,-,- o /I 0\ /0 0\ /0 1\ n 

5 is given by the right multiplication. Set e\ := I n ) ' ^ 2 := \ n ) a ^ 12 := I n n ) e 

Furthermore, let cp : Re\ — > Re-i and cp' : S'(e\)Ji — > S'(e%)jl be the right multiplication maps of e\2 and (ei2)A 
respectively. 

It follows from Lemma 13.11 and DUcC = D that X : R — > S is the universal localization of R at (p. In 
particular, X is a ring epimorphism. Since S ~ ei/?ffiei7? as right /^-modules, the embedding X is even 
homological. Note that S' <S># (p can be identified with cp'. By Corollary 14.61 the map X n * : A — > A n * is 
homological if and only if the map Ay : 5" — > 5' , is homological. 

Clearly, R/Re\R ~ C as rings. So, every C-module can be regarded as an /^-module. In particular, 
D © D/C can be seen as an /^-module. Further, one can check that the map 

a: D® D/C -^ S/R, (d,t+C)^ ( ° °)+R 
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for d,t € D, is an isomorphism of /^-modules. Thus S' ~ E, cp' coiTesponds to CO* under this isomorphism, 
and S' , ~ E a * . It follows that hy* : S' —} S' , is homological if and only if so is X^* : E — > E a * . This finishes 
the proof. □ 

Before starting with the proof of Corollary 11.41 we first introduce a couple of more definitions and nota- 
tion. 

Recall that a complex U* in 5$(R) is called a tilting complex if U* is self-orthogonal, isomorphic in &{R) 
to a bounded complex of finitely generated projective /^-modules, and Tria(£/*) = 3>{R). It is well known 
that if U' is a tilting complex over R, then 3>{R) is equivalent to @(End@t R \(U')) as triangulated categories 
(see |[T5l Theorem 6.4]). In this case, R and End^/ R \(U') are called derived equivalent. 

If / is an index set, we denote by U' W the direct sum of / copies of U' in &(R), and by Add(£/*) the 
full subcategory of &(R) consisting of all direct summands of arbitrary direct sums of copies of U*. 

The following result generalizes some known results in the literature. See, for example, (9] Theorem 
4.14], |2l Theorem 3.5(5)] and fl9l Lemma 3.1(3)], where the ring homomorphism X : R —} S is required to 
be injective. We shall use this generalization to prove Corollary 11.41 

Lemma 4.8. Let X : R —> S be a ring homomorphism, and let I be an arbitrary nonempty set. Define U* : = 
S®Q°. Then Hom^/ R \(U',U'^'[n\) = for any ^ n £ Z if and only if the following conditions hold: 

(1) Hom s (5,Ker(X)) = and 

(2) Ex4(S,S (7) ) = = Ext^ +1 (S, «M) for any i > 1. 

In particular, the complex U' is a tilting complex in S#(R) if and only if Hom R (S, Ker(X) ) = 0, Ext s (S, S) = 
and there is an exact sequence: — > P\ — > Po — > R S — > of R-modules, such that P, is finitely generated and 
projective for i = 0, 1. 

Proof. Recall that we have a distinguished triangle 

(**) R -^ S -^ QT -^ R[l] 

in X(R). 

First of all, we mention two general facts: Let / be an arbitrary nonempty set. 

(a) By applying Hom@/ R \(— ,S^') to (**), one can prove that 

Hom^ (s) (Q*,S (/) [/])~Hom^ (R) (S,S (/) [/]) for i'eZ\{0} and Hom &{R) (Q',S {I) ) ~ Ker(Hom R (X,5 (/) )). 

(b) By applying Hom^( R j(— ,R^) to (**), one can show that 

Hoirn^) (QT , *« [j] ) ~ Hom^, (S, *« [j] ) for j 6 Z \ {0, 1 }. 

Next, we show the necessity of the first part of Lemma |4~8] 

Suppose that Hom^ (R) (U' , U' M [n] ) = for any n ^ 0. Then Bxt R (S, S (/) ) ~ Hon% (i?) (Q*, S® [i] ) = for 
any i > 1, and Hornet R )(S,Q'[— 1]) = 0. Consequently, the map Hoim?(S,X) : Hom R (S,R) — > Hom#(S,S) is 

injective. This means that the condition (1) holds. Further, applying Honw R )(S, — ) to the triangle R^ — > 

S(') lL> Q«W — ► /?W[1], we get Ext R +l (S,R^) ~ Uom^ R ) (S,Q'^[i\) = 0. Thus, the conditions (1) and 

(2) in Lemma l4~8l are satisfied. 

In the following, we shall show the sufficiency of the first part of Lemma l4~8l 

Assume that the conditions (1) and (2) in Lemma l4~8l hold true. Then, it follows from (a) and (b) that 

HonW<2',S (/) N) = = HonW<2*,/?«[m+ 1]) 



32 



for n G Z \ {0} and m G Z \ {- 1 , 0}. Applying Hom^ (R) (g # -) to the triangle R® -^ SfW ^-» Q"M — >• 
7o 7 )[l], one can show that Honw S )(<2*,<2* ^[w]) =0 for m G Z\{— 1,0}. Furthermore, we shall show that 
the condition ( 1) in Lemma|4~8]implies also that Hom^ (s) (Q*, Q* W [- 1]) = 0: Clearly, Hom R (S, Ker(X) 7 ) ~ 
Horns (5, Ker(X)) = 0, where Ker(X) 7 stands for the direct product of / copies of Ker(X). Since Ker(X) 7 con- 
tains Ker(X)W asasubmodule, wegetHom i? (5,Ker(?i)( / )) =0andKer(Hom R (5,X( 7 ))) ~Hom/j(S,Ker(A,)(/)) 
= 0. Now, it follows from the following exact commutative diagram: 

rts (V[-1])* m (^")* ,i\ 

n n 

i w, 

^ (A,''')* 
^ Ker(Hom s (S,A, (/) )) *- Hom R (S,R {I) ) — — ^ Hom fi (5,5 (/ )) 



that Ker(Hom«(5,?i( / ))) ~ Hom R (S,Ker(T)( 7 ) ) = 0, and therefore Uom^ {R) (Q',Q' W [-1]) = 0. Thus, 

Hom^ ) (e , ,2 ,(/) W) = for n^0. 

It remains to prove Hom^( S ) (5, 2* ^ [n] ) = for n ^ 0. Actually, applying Hom^( S j (5, — ) to the triangle 
R^ — > SW — > Q*^ — ^/?^ 7 )[1], we have the following long exact sequence: 

for j G Z. Since Hom^ (R) (S, S^ [r] ) = for ^ r G Z and Hom^ (R) (5, /?« [t])=0 for ? G Z \ {0, 1 }, we see 
that Hom #(s) (S, £* (/) [/]) = for j G Z\ {-1,0} and that Hom^ (R) (S, Q'W [-1]) ~ Ker(Hom s (S,^ 7 ')) = 0. 
It follows that Hom^ (s) (5, 2* (/) [«]) = for n ^ 0. Hence Hom^ (s) (£/', £/' (7 > [n]) = for any n ^ 0. This 
finishes the proof of the sufficiency. 

As to the second part of Lemma 1481 we observe the following: The complex U* over R is a generator 
of 3>{R), that is, Tria(£/*) = &{R), since R G Tria(£/ # ) by the triangle (**). Moreover, the complex U' is a 
tilting complex in 3>{R) if and only if it is self-orthogonal, and rS has a projective resolution of finite length 
consisting of finitely generated projective /^-modules. Furthermore, if rS has finite projective dimension and 
Ext'g 1 (S,R^') = for any i > 1, then rS does have projective dimension at most 1. Now, combining these 
observations with the first part of Lemma |4~8] we can show the second part of Lemma |4~8] □ 

Proof of Corollary lL4l 

(1) Here, we follow the notation introduced in Section [3] Let 

T:=S , h:=/j, B := I Q ^ 

Since X is homological and Hom# (S, Ker(X)) = by assumption, the pair (k,p) is exact by Corollary 
Now, we assume that rS has projective dimension at most 1. Let 

o^p^'Ap — ► R S — >• 

be a projective resolution of rS with all P 7 projective /^-modules. This exact sequence gives rise to a triangle 
P l -»• P° -> 5 ->■ P" 1 [1] in ^>(P). 

By Theorem ll.il the map X^* : A — > A n * is homological if and only if Tor 7 ? (S',S) = for all j > 1. Let 
us check the latter condition. 
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First of all, by the assumption on rS, we have Torf (S',S) = for all i > 2. So, it remains to show 
Torf (S',S) = 0. Further, since Be 2 = S' ®S<S>rS' as right /^-modules, it is enough to show Torf (Be2,S) = 0. 

From the proof of Lemma [3761 we obtain a triple {j\ , y , j*) of adjoint triangle functors. Let r\ : Id^^p) —> 
j^ be the unit adjunction with respect to the adjoint pair (j\j*). Then we have the following fact: 

For any X' € @(B), there exists a canonical triangle in 3>(B): 

iJ(X') -^x'^jJ(X')^nJ(X')[i\, 

where j*j'(X') = ]RHom«(P , *,Hom^(P•,X , )). For the other triple (/*, /*, v) of adjoint triangle functors, we 
refer the reader to the diagram (•) in Section [3] 
By applying this fact to each term of the triangle 

P l ->p°->s^P~ l [l] 

in &{R), it follows from the recollement (*) (see Section [3]) that there is the following exact commutative 
diagram: 

iJ(Be 2 ® R P- 1 ) ^Be 2 ® R P- 1 * 2g *% j*f(Be 2 ® R p- 1 ) ^ ij'{Be 2 ® R p- l )[l] 



1 ?:h 



iJ{Be 2 ® R P a ) 



iJ{Be 2 ®\S) 



Be 2 ® R P 






^j*f(Be 2 ® R P ) ) 



+ iJ(Be 2 ® R P°)[l} 



Be 2 



**■ 



i fes 



■j*f{Be 2 ®\S) 



+ iJ{Be 2 ®\S)[\\ 



iJ{Be 2 ® R p- v )[l] ^Be 2 ® R P- 1 [l] *■ j*f{Be 2 ® R p- l )[l] ^ iJ(Be 2 ® R p- l )[2] 

Since ij* (Be\) ~ Be 2 <8>« S in 3>{B) by LemmaEH; 1), we know that j+f (Be 2 ®r S) ~ j*fij* (Be { )= 0, due 
to ji* = in the recollement (*). It follows that j*j'(l <8> 5) is an isomorphism, and so is H (j^j ] (l (g> 8)). 

Suppose that H°(r\p) :P—>H° [j^f (P)) is injective for any projective B-module P. Then H°(r\ Be2 ® R p-i ) 
is injective since rP~ [ is projective. It follows from the isomorphism H°(j*j l (l (8)8)) that the map 1 <g)8 : 
Be 2 (£>rP~ 1 — > Be 2 ®rP q is injective. This implies that Torf (Be 2 ,S) = 0, as desired. 

Thus, in the following, we shall prove that H°(r\p) : P — > H°(j*j-(P)) is injective for any projective 
B-module P. 

First, we point out that H°(r\p) is injective if and only if Hom^( B )(B,P) — ► Hom^( R ) (y ! (S) , f (Pfj is 
injective. To see this, we consider the the following composite of maps: 

04. :Hom m (B,X'[n}) -^Kom m (f(B),f(X')[n}) -^liom nB) (BjJ(X')[n}) 

for each n € Z, where the second map is an isomorphism induced by the adjoint pair (j',j*). Then, one can 
check directly that oof. = Hom@r B \(B,X\x'[n])- It is known that the «-th cohomology functor H"(—) : &{B) — > 
fi-Mod is naturally isomorphic to the Hom-functor Hom^( B )(B, — [n]). So, under this identification, the map 
oof. coincides with H n (r\ X ') ■ H n (X*) -)• H"(j t J ] (X*)). It follows that H°(r\ P ) is injective if and only if so 

.1 

is the map Hom^ (B) (B,P) -A Hom# w (/ (B), f (P)) . 

.1 

Second, we claim that if Hom^(g) (m* (5) , P) = 0, then Hom^( B )(5,P) — > Hom^( R )(7 ! (5),7 ! (P)) is 
injective. 
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Let e : _/!_/' — > Id@(B) be the counit adjunction with respect to the adjoint pair (j\,f). Then, for each 
X' € &(B), there exists a canonical triangle in S>{B): 

j,j\X-) ^X*^ iJ*(X') — > jij\X')[l]. 
Now, we consider the following morphisms: 

Hom^ (B) (B,X-[m])^Hom^ (R) (7 ! (B),j ! (X-)[m])^Hom^ (B) (7 ! 7 ! (S),X-[m]) 

for any m G Z, where the last map is an isomorphism given by the adjoint pair (j\, j ] ). One can check that 
the composite of the above two morphisms is the map Hom^( B )(8g,X"[m]). This means that, to show that 

Hom^( B )(B,P) — > Hom^.( R )(7 ! (S), f'(P)) is injective, it suffices to show that Hom^( g )(£g,P) is injective. 

For this aim, we apply Honw g )(— ,P) to the triangle j\f(B) —^ B — > iJ*(B) — > j\j\B)[l], and get the 
following exact sequence of abelian groups: 



Hom @ ( B )(e s ,f) 

nom 3{B) (iJ*(B),P) >Hom f(fi) (B,P) ^ Hom^ (B) (7, j(B),P) . 

Clearly, if Hom^(g) (/*/*(#), P) =0, thenHom^( B )(8fi,P) is injective, and therefore the map f :Hom^( B )(5,P) 
Hom^( R )(7 ! (B),7 ! (P)) is injective, as desired. 

Third, we show that if Horm?(,S,S') = 0, then Honwg)(w*(B),P) = for any projective B-module P. 

In fact, by LemmasEZl3) and EM 1). we have iJ*(Be 2 ) ~ U*{Be\) ~ Be 2 ® R S in @{B). This implies 
that Hom^( fi ) (ij* (B) , P) = if and only if Hom^( B j (Be 2 <8>^ S, P) = 0. Consider the following isomorphisms 

Hom mB) (Be 2 <S>«5,P) a nom mR) (S,RHom B (Be 2 ,P)) ~ Hom^ (i?) (5, e 2 P) ~ Hom R (S,e 2 P). 

Since e 2 # ~ 5" as P-modules, we have Hom R (S,e 2 B) ~ Hom ff (5,5') = 0. Note that P € Add( B S) and e 2 P £ 
Add( R S'). Thus there is an index set / such that e 2 P is a direct summand of (S'p 1 '. Since (5')^ is a 
submodule of the product (S') 1 of 5', it follows that Hom#(5, (5')^) is a subgroup of Hom#(S, (S') 7 ) which 
is isomorphic to Hom R (5,5') 7 . Hence Hom s (5, (5') (/) ) = 0, Hom R (S,e 2 P) = and Hom^ (B) (j*f(B),P) = 0, 
as desired. 

Now, it remains to show that Hoim? (S,S') = 0. In the following, we shall prove a stronger statement, 
namely, Hom.^/R\(S,S'[n]) = for any nGZ. 

Since X is a ring epimorphism with Torf (5,5) = 0, we know from lTT6l Theorem 4.8] that 

Ext s (5,S (/) ) ~ Ex4(5,5 (/) ) = 

for any set /. As R S is of projective dimension at most 1, we can apply Lemma l4~8l to the complex U* := 
S ©(?*, and get Hom 9(R) ([/ , ,(/ , [m]) = for m / 0. This implies that nom &{R) (Q*,Q*[m}) = for m / 0, 
and that 

H m (RHom R (Q-,Q-)) ~ Hom m (Q',Q'[m]) = j ° ^^ 

Thus the complex MHom«(2* ,Q') is isomorphic in S){R) to the stalk complex 5'. On the one hand, by the 
adjoint pair (<2* ®\ — ,]RHom#(<2*, — )) of the triangle functors, we have 

Hom® {R) {S,S'{n]) ~Hom mR) (S,RHom R (Q',Q')[n}) ~Hom s(R) (S,RHom«(e , ,e , [n])) ^MHom R {Q' ^S,Q'[n]) 

for any n£Z, On the other hand, since X is homological by assumption, the homomorphism X (S># 5 : 
P® g 5 — >• 5 ® g 5 is an isomorphism in @(R). It follows from the triangle 

Rg&S^SsfeS—tffS&S—HlsfeSll] 
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that Q* ®\S = 0. Hence Uom & {R) (S,S'[n]) ~ Wlom R (Q m <g>^5, Q"[n]) = for any n G Z. 

Thus, we have proved that, for any projective B-module P, the homomoiphism H°(r\p) : P — >• H°(j*f-(P)) 
is injective in B-Mod. This finishes the proof of Corollary I1.4IT ). 

(2) Combining Corollary 13.5 I with Lemma 13761 we see that the ring A K * is zero if and only if the functor f 
induces a triangle equivalence from $)(B) to @(R), This is equivalent to the statement that f(B) is a tilting 
complex over R. Note that f(B) ~ U'[— 1] by Lemma l3/7l f 2^>. Thus, the ring A n * is zero if and only if U* is 
a tilting complex over R. Now, the second part of Corollary |1.4| follows directly from Lemma |4~8l D. 

Proof of Corollary 11.51 

Let us consider the pair (k,p) of ring homomorphisms X, and Ji, where Ji is associated to X. By Corollary 
14.51 the pair (k,p) is exact. It follows from Lemma l4~47 4) that 5' is a commutative ring since X, is an injective 
homological ring epimorphism and R is a commutative ring. This means that the tensor product 5 Sr 5' of 
5 and 5' over R is a commutative ring. Moreover, the map V : 5' — >■ 5 ®r S' and p' : 5 — >• 5 (S>s 5" are ring 
homomorphisms. So, S(E>rS' is an 5'-5'-bimodule via X'. 

By Lemma l3~9l we know that Torf (5,5') = for any i > 0. Since R, 5 and 5' are commutative rings, it 
follows that Torf (5', 5) ~ Torf (5,5') = 0. Note that X is a ring epimorphism, and so is V : 5' — > SSrS' by 
Lemmas 12731 and 12751 1 ) . Thus Endy (5' <S>r 5) ~ Endy (5 <S>r 5') ~ Ends® x s' (5 <g>j? 5') ~ 5 ®r 5' as rings. Now, 
Corollaiy II -5 l is an immediate consequence of Corollary 11.31 □ 

Proof of Corollary 11.61 

For a commutative ring R and a multiplicative set <I> of R, the localization map R — > 5 := <£> l R is always 
homological since rS is flat. Therefore, by Corollary 11.51 it suffices to show that 5 <S>r 5' is isomorphic to 
V P~ 5'. In fact, one can check that the well defined map a : O -1 /? ®rS' — > x ¥~ l S', given by 

r (r)py 

x (x)n 

for r € R, x € <J> and y € 5', is an isomorphism of rings, where Ji : R — > 5' is the ring homomorphism associated 
to X. Clearly, this map is surjective. To see that this map is injective, we note that the map P : *F _1 5' — > 
<£>~ 1 R<S)rS', defined by v4= h-> \ <S>y for x € andy € 5', is a well defined ring homomorphism with a[3 = 1. 
Observe that a preserves the multiplication of S®r 5'. This finishes the proof of Corollary 11.61 □ 

Finally, we mention a relationship between the results in Section [3] and the ones in Section |4] 
Recall that we have defined the ring homomorphism Ja : R — > 5' associated to a ring homomorphism X 
at the beginning of Section 14.21 There is a connection between this homomorphism jj and the /j : R — > T in 
an arbitrary exact pair (k,f/) of ring homomorphisms. This connection is revealed by the following result 
which not only establishes a relationship between the results in Section [3] and those in Section 0] but also 
demonstrates a "maximality" property of Ji. 

Let T be an arbitrary ring and /u: R — > T a homomorphism of rings. If the pair (A,,//) is exact, then there 
exists a ring homomoiphism T| : T — > 5' such that p = /ur\. 

Proof. We keep the notation introduced in Section [3] Recall that the complex Q* (E>r T is of the form 
v 
— > T — > 5<g)s T — > with T in degree — 1, and isomorphic to Q* in @(R) via the quasi-isomorphism 

/j* : Q' — > Q* <S>r T (see the diagram (*) in Section[3]). 

We define (O.T -)■ End^ (R) (2* ® s T) by ? h^ g* for f G T, where g' : Q* ® R T -> Q' <S) R T is the chain 

map with g~ l := -t, g° := -t and g ! = for i ^ 0, — 1, which can be described by the following diagram: 



T^^-SSrT >-Q'®rT ^T 



T^-S®rT- *-Q'<g> R T 



1] 

(■m 
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where -t stands for the right multiplication map by t. Then, one can check that CO is a ring homomorphism 
and that 

(r)jiS = f ((r)ju) (0:Q'^Q'® R T 

as chain maps for any r € R. This implies that if we define r\ : T — > 5" by t *-> fj*g*(fj*)~ 1 for t ET, then 

5 Examples 

Now we present a few examples to show that some conditions in our results cannot be dropped or weakened. 

(1) The condition that X : R — > 5 is a homological ring epimorphism in Corollary |1.3| cannot be weakened 
to that X ; R—> 5 is a ring epimorphism. 

/ * \ 

Let R = \ k[x]/(x 2 ) k , where k is a field and k[x] is the polynomial algebra over k in 

\k[x]/(x 2 ) kM/ix 2 ) k) 

one variable x. Let 5 be the 3 by 3 matrix ring MT,(k[x]/(x 2 )). Then the inclusion X of R into 5 is a universal 
localization of R, and therefore a ring epimoiphism. Further, we have Torf (5,5) = ^ Torf (5,5) (see |[T3l ). 
Thus X is not homological. So, rS cannot have projective dimension less than or equal to 1. Moreover, one 
can check that the ring homomorphism Ji : R — > 5' associated to X is an isomoiphism of rings. In this case, 
we have SUrS' = 5 and (]) = (p) X : S' — > 5 in Corollary II .31 Consequently, (j) is not homological. However, 
we shall show that the map Xjt* is homological. Hence, without the 'homological' assumption on X, the 
conditions (1) and (2) in Corollary [T3] are not equivalent. 

In the following, we prove that X n * is always homological, even though the ring epimorphism X: R — >• 5 
may not be homological. 

Let X : R — > S be a ring epimorphism such that Torf (5, 5) = = Hom# (5, Ker(X)) . If the ring homomor- 
phism p : R — > S' associated to X is an isomoiphism of rings, then the universal localization X K * : A — > A K * of 
A at 71* is always homological. 

/ 5 5 \ 
Proof. It follows from Lemmas l3. Il and l4.41 3) that A ~ J and A n * ~M2 (5) as rings. Under these 

isomorphisms, the universal localization X n * : A — > A n * is equivalent to the canonical ring homomorphism 

e:B =(o «)^ (s) = (* * 

induced by the ring homomorphism X. Clearly, 8 is an ring epimoiphism. Moreover, M2(5) is projective as 
a right B-module. Thus 6 is homological, and consequently, X n * is homological. □ 

(2) That X is homological does not guarantee that the universal localization X n * : A — > A n * of A at 71* in 
Corollary ll.3l is always homological. 

In the following, we shall use Corollary 14.7 I to give a counterexample. 

Now, take C={( 1 | a,b £ &} and D = I I with k a field. Then one can verify that the 

extension X : R — > 5, defined in Corollary 14.71 is homological, and that the canonical map co : D —} D/C is 
a split epimoiphism in C-Mod, and therefore cD ~ C © D/C. Let e be the idempotent of E corresponding 
the direct summand C of the C-module D@D/C. Then E a * ~ E/EeE ~ M2(k). Furtheimore, the universal 
localization X m * '■ E — > E a * of E at CO* is equivalent to the canonical projection x : E — > E/EeE. Since 
Extir(E/EeE, E/EeE) ^ 0, we see that x is not homological. This implies that X^* is not homological, too. 
Thus Xk* '■ A — > A % * is not homological by Corollary 14.71 that is, the derived functor D((Xx>)*) : 3>{A % *) — > 
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S>(A) is not fully faithful. In addition, one can check that, for this extension, the /^-module rS has infinite 
projective dimension. 

(3) In Corollary 1 1.4IT ), we assume that the projective dimension of rS is at most 1. But there does exist 
an injective homological ring epimorphism X : /? — > S such that the projective dimension of rS is greater than 
1 and that X n * : A — > A K * is homological. 

Let R be a Priifer domain which is not a Maths domain. Recall that a Maths domain is a domain R for 
which the projective dimension of the fractional field Q of R as an /^-module is at most 1. In this case, the 
inclusion X : R — > Q is an injective homological ring epimorphism. By Corollary 11.51 the map X K * : A — > A n * 
is homological. 

(4) Now we display a concrete example which satisfies the conditions in Corollary 1 1.2( 2). 

We fix a field k. Let R and 5 be the ^-algebras given by the following quivers with relations, respectively: 

a a 

!• »2 a(3 = [3a = 0; !• »2 aor 1 =e u a _1 a = e 2 . 



Let X : 7? — > S be the map defined by e\ i-> a, OC »->• a, [3 i — >- O.Then X is the universal localization of /? at the map 
Re2 — > Re i induced from a. Since rS ~ Ttei 0/tei, the /^-module S is projective. Hence X, is homological. By 
calculation, the trivial extension R x S of R by the /?-/?-bimodule rSr is the algebra given by the following 

quiver with relations: 

a 

H-M'— »2 aP = Pa = yay = 0. 

Letfi:=( ) . By Corollary [L2l 2). we have the following recollement: 

®(S k S) ^ &(B) > ®{R) 

Note that S x 5 is isomorphic to M 2 (k[X]/(X 2 )) . 

Finally, we mention an open question related to stratifications and recollements in this paper. We have 
exhibited counterexamples in [5] (see also @) to the Jordan-Holder Theorem for the stratification of derived 
module categories of rings by derived module categories of rings. But in these recollements, not all of the 
rings involved are finite dimensional algebras. So, one may naturally ask the following question: 

Question. If we restrict to derived categories of finite dimensional algebras, can the Jordan-Holder 
Theorem be true for stratifications of derived module categories of finite dimensional algebras by derived 
module categories of finite dimensional algebras (up to derived equivalence) ? 

Note that some positive answers to this question are given recently in HI Theorem 5.7]. Moreover, we 
do not know any counterexample to this question at moment, and expect the results in this paper, especially 
Corollary 11.21 could be helpful for understanding this question. 
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